Moduli spaces of framed perverse instantons on P' 



Marcin Hauzer * Adrian Langer 
March 31, 2010 



Addresses of A.L.: 

1. Institute of Mathematics, Warsaw University, ul. Banacha 2, 02-097 Warszawa, Poland, 
e-mail: alanSmimuw . edu . pi 

2. Institute of Mathematics, Polish Academy of Sciences, ul. Sniadeckich 8, 00-956 Warszawa, 
Poland 

Abstract 

We study moduli spaces of framed perverse instantons on P^. As an open subset it 
contains the (set-theoretical) moduli space of framed instantons studied by I. Frenkel and M. 
Jardim in llFJll . We also construct a few counterexamples to earlier conjectures and results 
concerning these moduli spaces. 

Introduction 

A mathematical instanton is a torsion free sheaf E on P-^ such that (£'(—2)) = H^{E{—2)) = 
and there exists a line on which E is trivial. It is conjectured that the moduli space of locally free 
instantons of rank 2 is smooth and irreducible but this is known only for very small values of the 
second Chern class c (see HCTTII and HKOH for proof of this conjecture for c < 5 and history of 
the problem). 

Originally, instantons appeared in physics as anti-selfdual connections on the 4-dimensional 
sphere. Later, they were connected by the ADHM construction to mathematical instantons on 
p3 with some special properties. But it was Donaldson who realized that there is a bijection 
between physical instantons on the 4-sphere with framing at a point and vector bundles on a 
plane framed along a line (see UDoll ). The correspondence can be seen using Wards' construction 
and restricting vector bundles from to a fixed plane containing the line corresponding to the 
point of the sphere. Using this interpretation Donaldson was able to conclude that the moduli 
space of physical instantons is smooth and irreducible. 

In [iFJl Frenkel and Jardim started to investigate the moduli space of mathematical instantons 
framed along a line, hoping that this moduli space is easier to handle than the moduli space of 
instantons. Since an open subset of the moduli space of framed instantons is a principal bundle 
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over the moduli space of instantons, it is sufficient to consider the conjecture in the framed case. 
In fact, Frenkel and Jardim conjectured that their framed moduli space is smooth and irreducible 
even at non-locally free framed instantons. We show that this conjecture is false (see Subsection 
16.31) . On the other hand, we also show that the moduli space of locally free framed instantons 
is smooth for low ranks and values of the second Chern class (see Corollary 18.71) . We also use 
Tyurin's idea to show that in some case the restriction map embeds the moduli space of instantons 
as a Lagrangian submanifold into the moduli space of sheaves on a quartic in P-^. 

One of the main aims of this paper is the study of moduli spaces of perverse framed instan- 
tons on (see Definition 12.81 ). In particular, we use perverse instantons to introduce partial 
compactifications of Gieseker and Donaldson-Uhlenbeck type of the moduli space of framed in- 
stantons and study the morphism between these moduli spaces. The picture that we get is quite 
similar to the one known from the plane case (see UNall ) or from the study of a similar morphism 
for sheaves on surfaces (see, e.g., [|HL2[ Remark 8.2.17]). However, this is the first case when a 
similar morphism is described for moduli spaces of sheaves on a 3-dimensional variety. 

In the 2-dimensional case the Donaldson-Uhlenbeck compactification has a stratification by 
products of moduli spaces of locally free sheaves for smaller second Chern class and symmetric 
powers of a plane A^. In our case the situation is quite similar but more complicated: we get a 
stratification by products of moduli spaces of regular perverse instantons and moduli spaces of 
perverse instantons of rank 0. 

Perverse instantons of rank are sheaves E of pure dimension 1 onP^ such that //'^(£'(— 2)) = 
H\E{-2)) = 0. The moduli space of such sheaves (with fixed second Chern class) has a similar 
type as a Chow variety: it is only set-theoretical and it does not corepresent the moduli functor 
of such sheaves. But the moduli space of perverse rank instantons is still a coarse moduli space 
for some functor: it is the moduli space of modules over some associative (but non-commutative) 
algebra. We show that this moduli space contains an irreducible component whose normalization 
is the symmetric power of A^. 

The structure of the paper is as follows. In Section 1 we recall a few known results includ- 
ing Nakajima's description of the moduli space of framed torsion free sheaves on a plane and 
Frenkel-Jardim's description of the (set-theoretical) moduli space of framed instantons in terms 
of ADHM data. In Section 2 we introduce perverse instantons and we sketch proof of repre- 
sentability of the stack of framed perverse instantons on P^ (in the plane case this theorem is due 
to Drinfeld; see HBFGH ). Then in Section 3 we study the notion of stability of ADHM data in 
terms of Geometric Invariant Theory. This is crucial in Section 4 where we describe the Gieseker 
and Donaldson-Uhlenbeck type compactifications of the moduli space of framed instantons. In 
Section 5 we study the moduli space of perverse instantons of rank relating them to the moduli 
space of modules over a certain non-commutative algebra. In particular, we show an example 
when this moduli space is reducible. In Section 6 we gather several examples and counterexam- 
ples to some conjectures, e.g., to the Frenkel-Jardim conjecture on smoothness and irreducibility 
of moduli space of torsion free framed instantons or to their conjecture on weak instantons. In 
Section 7 we study an analogue of the hyper-Kahler structure on the moduli space of perverse 
instantons and we relate our moduli spaces to moduli spaces of framed modules of Huybrechts 
and Lehn. In Section 8 we give a very short sketch of deformation theory for stable framed 
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perverse instantons and we study smoothness of moduli spaces of framed locally free instantons. 



1 Preliminaries 

In this section we introduce notation and collect a few known results needed in later sections. 

1.1 Geometric Invariant Theory (GIT) 

Let G be a reductive group. Let X be an affine /^-scheme (possibly non-reduced or reducible) 
with a left G-action. A character x ■ G ^ Gm gives a G-linearization of the trivial line bundle 
L := (X X — )■ X) via g- {x,z) = {gx,x{8^^)z)- So we can consider the corresponding GIT 
quotient 

Z-"(L)/G = Proj(0//«(X,L")«). 

n>0 

It is equal to 

X//,G = Proi{^k[Xf^^") 

n>0 

and it is projective over X/G = Spec{k[X]^) (see [iKill for this description). The corresponding 
map 

X//^G^X/G 

can be identified with the map describing change of polarization from x to the trivial charac- 
ter 1 : G —t- Gm- The GIT (semi)stable points of the G-action on (X,L) given by X called 
X-(semi)stable. Note that all points of X are 1-semistable, i.e., GIT semistable for the trivial 
character 1. 

We say that x is X'Poly stable li G- (jc,z) is closed for z 7^ 0. In particular, X// ;fGis inbijection 
with the set of ;f-polystable points and a ;f-polystable point is ;f-stable if and only if its stabiliser 
in G is trivial. 

1.2 Torsion-free sheaves on and ADHM data 

Let V and W be ^-vector spaces of dimensions c and r, respectively. Set 

B = Hom(y, V) © Hom(y, V) © Hom(W^, V) © Hom(y, W). 

An element of B is written as {81,82, z, j) . 
The map jU : B — )• Hom(y, V) given by 

^{8u82jJ) = [8u82] + ij 

is called the moment map. 

Wesay that (5i,52,z, j) GBsatisfiestheAD/ZMef^warionif [5i,52]-|-zj = 0, i.e., {8\,82,iJ) G 
/i"^ (0) . An element of B satisfying the ADHM equation is called an ADHM datum. 
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Definition 1.1. We say that an ADHM datum is 

1. stable, if for every subspace S C.V (note that we allow 5 = 0) such that Bk{S) C S for 
k— 1 , 2 we have imz ^ S. 

2. costable, if for every no non-zero subspace S CV such that Bi^(S) C S for = 1,2 we have 
S ^ ker J, 

3. regular, if it is stable and costable. 
The group G = Gh{V) acts on B via 



If we consider the adjoint action of G on End(V) then the map jl is G-equivariant. In particular, 
G acts on jl^^{0), i.e., on the set of ADHM data satisfying the ADHM equation. Let x ■ G^ G,n 
be the character given by the determinant. We consider the G-action on the trivial line bundle 
over B but with a non-trivial linearization given the character X- 

Lemma 1.2. 1. All x-semistable points o//i^^ (0) are x-stable and they correspond to stable 
ADHM data. 

2. All X^^ -semistable points o//i^^ (0) are stable and they correspond to costable ADHM 
data. 

We have the following well-known theorem (see [Na, Theorem 2.1, Remark 2.2 and Lemma 



Theorem 1.3. The moduli space ^(P^;r, c) of rank r > torsion free sheaves on with 
C2 = c, framed along a line l^ is isomorphic to the GIT quotient /i^^ (0) // ^G. Moreover, orbits 
of regular ADHM data are in bijection with locally free sheaves. 

Definition 1.4. A complex of locally free sheaves 



is called a monad if a is injective and j8 is surjective (as maps of sheaves). In this case ^°('^) = 
ker/3/ ima is called the cohomology of the monad ^. 

Now let us briefly recall how to recover a torsion free sheaf from a stable ADHM datum. 
Let (5i , 52, z, j) G B be a stable ADHM datum. Denote W = V ®V ®W and fix homogeneous 
coordinates [.)Co,.x:i, JC2] onP^. Let us define maps a : V(S)^p2(— 1) -^W^^^i and /3 : W^i^^i — )■ 



g-{BuB2jJ) = {gBig-\ gB2g- \gi, jg- ' ) . 



3.25]): 



= (0^^-14^*^ A-^i ^0) 



y(g)^p2(l) by 




(1) 
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and 

j8 = ( -52^0 + 1(^X2 Bixo - 1 ® jci ixo ) . (2) 
Then (5i ,^2, /, 7) gives rise to the complex 

This complex is a monad. Injectivity of a follows from injectivity on the line xo = and surjec- 
tivity of /3 follows from stability of the ADHM datum (see UNal Lemma 2.7]). We can recover a 
torsion free sheaf as the cohomology of this monad. 

Let ^Q^^(P^;r,c) be the moduli space of rank r locally free sheaves on with = c, 
framed along a line By Theorem 11.31 ^q^^(¥^ . r. c) is isomorphic to the quotient of regular 
ADHM data by the group G. 

Let ^o{F^;r, c) denotes the affine quotient /i^^ (0)/G. This space contains the moduli space 
^Q^^{F^;r,c) and it can be considered as a partial Donaldson-Uhlenbeck compactification. We 
have a natural set-theoretical decomposition 

0<d<c 

where is considered as the completion of /oo in P^. Then the morphism 

coming from the GIT (see Subsection ll.il) can be identified with the map 

(£,4>) 4>),Supp(£*7£)) 

(see [Na, Exercise 3.53] and [VVl Theorem 1]). This morphism is an analogue of the morphism 
from the Gieseker compactification of the moduli space of (semistable) locally free sheaves on a 
surface by means of torsion free sheaves to its Donaldson-Uhlenbeck compactification. In a very 
special case of rank one this corresponds to the morphism from the Hilbert space to the Chow 
space (the so called Hilbert-Chow morphism). 

In the rest of this section, to agree with the standard notation we need to assume that the 
characteristic of the base field is zero (or it is sufficiently large). 
Let us define a symplectic form CQ on B by 

(0{{B,,B2,iJ)XB\,B'^j' J')) ■.= Tx{B,B'^-B2B[+if -i' j). 

We will use the same notation for the form induced on the tangent bundle TB. One can easily 
check that /i is a momentum map, i.e., 

1. /I is G-equivariant, i.e., ll{g-x) = Ad* , /i(x), 

2. (<i/ix(v), (^) = (o{^x:V) for any x G B, v G T^B and ^ E g (^x denotes the image of ^ under 
the tangent of the orbit map of x). 
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In particular, HKLSl Lemma 3.2] implies that the moduli space of semistable sheaves is smooth 
(there are many others proofs of this fact: a sheaf-theoretic proof is trivial but we mention the 
above proof since another argument using ADHM data given in Wa[ Lemma 3.2] seems a bit too 
complicated). 

1.3 IMathematical instantons on P^. 

Definition 1.5. A torsion free sheaf E on is called a mathematical {r,c)-instanton, if E has 
rank r, C2E = c, H^{F^,E{-2)) = {F^ , E (-2)) = and there exists a line / C such that 
the restriction of £ to Z is isomorphic to the trivial sheaf 

Let us fix a line Zoo C P^. A choice of an isomorphism ^ : E\i^ ^ ff^ is called a. framing 
of E along Zoo. A pair (E,^) consisting of a mathematical (r, c)-instanton E and its framing 
4> : E\i^ ^ ^[ is called a. framed {r,c)-instanton. 

In the following we skip adjective "mathematical" and we will refer to mathematical instan- 
tons simply as instantons. 

The following lemma is well known (for locally free sheaves see HOSSi Chapter II, 2.2]): 

Lemma 1.6. If a torsion free sheaf E on P" is trivial on one line then it is slope semistable. In 
particular, an instanton on is slope semistable. 

Proof. The sheaf E is trivial on a line m C P" if and only if £ | „ is torsion free and // ^ (£ | „ ( — 1 ) ) = 
0. Since these are open conditions it follows that if E is trivial on one line then it is trivial 
on a general line. Now if E' C E then for a general line m we have E'\m C E\m — ^^i^, so 
lliE')=deg{E'\,n)/rkE' <0. □ 

If £ is a rank 2 locally free sheaf with ci£ = on P^ then H^{F^,E{-2)) and H^{F^,E{-2)) 
are Serre dual to each other. Let us also recall that if k has characteristic then for a rank 2 
locally free sheaf E with ciE = existence of a line Z such that the restriction of £ to Z is trivial 
is equivalent to //^(£'(— 1)) = (this follows from the Grauert-Mulich restriction theorem). 
This leads to a more traditional definition of rank 2 instantons as rank 2 vector bundles on P^ 
with vanishing //0(£(-l)) and H^{E{-2)) (see llOSSl Chapter II, 4.4]). Usually, one also adds 
vanishing of H^{E) which in this case is equivalent to slope stability (if H^{E) 7^ then E ~ ^p3, 
so this cannot happen if c > 1). 

Note that if E is locally free of rank > 3 then vanishing of //^(P^,£'(— 2)) does not follow 
from the remaining conditions (see Example |6.4| ). 

We say that a locally free sheaf E is symplectic, if it admits a non-degenerate symplectic 
form (or equivalently, an isomorphism (p : E ^ E* such that (p* = —cp). It is easy to see that 
a non-trivial symplectic sheaf has an even rank. Obviously, for a symplectic locally free sheaf, 
vanishing of H^{F^ ,E{—2)) follows from vanishing of II^{F^,E{—2)) (by the Serre duality). 

The following fact was known for a very long time: 
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Theorem 1.7. (Barth, Atiyah [lAtl Theorem 2.3]) Let E be a symplectic {r,c)-instanton. Then 
E is the cohomology of a monad 

^ ^p3(-l)'' ^ ^ ^p3(l)" ^ 0. 

In the following we will need the following lemma (it should be compared with |lFJl Propo- 
sition 15] dealing with the rank 1 case). 

Lemma 1.8. There exist framed locally free (r, c)-instantons if and only if either r= \ and c = 
or r> \ and c is an arbitrary non-negative integer. Moreover, if there exist framed locally free 
(r, c)-instantons then there exist framed locally free (r, c)-instantons F such that Ext^(F,F) = 0. 

Proof. The case r = is clearly not possible. Let us first assume that r = 1. Since the only 
line bundle with trivial determinant is E = ^pi we see that C2{E) = 0. So to finish the proof 
it is sufficient to show existence of locally free (2, c)-instantons. If E is such an instanton then 
F = E (B i^p7^ can be given a structure of framed locally free (r, c) -instanton. 

Existence of locally free (2,c)-instantons is well known. For example, we can use Serre's 
construction (see HOSSi Chapter I, Theorem 5.1.1]) to construct the so called t'Hooft bundles. 
More precisely, let Li , . . . ,Lf be a collection of c disjoint lines in and let Y denotes their sum 
(as a subscheme of P^). Then by the above mentioned theorem there exists a rank 2 locally free 
sheaf E that sits in a short exact sequence 

^ ^p3 ^ £ ^ 7y ^ 0. 

One can easily see that £ is a (2, c)-instanton. Moreover, it is easy to see that Ext^(F,F) = as 
Ext^ {E,E)=0 and H^{E)=H^{E*)=0 (note that E* ^E). □ 

1.4 Generalized ADHIM data after Frenkel-Jardim 

LetX be a smooth projective variety over an algebraically closed field k and let ^;c(l) be a fixed 
ample line bundle. Let V and W be fc- vector spaces of dimensions c and r, respectively. Set 

B = Hom(y, V) © Hom(y, V) © Hom(W, V) © Hom(y, W) 

and B = B ©i/°(^x(l))- An element of B is written as {B\,B2,i, j), where B\ and B2 are 
treated as maps V V ©//^(^x(l)), i as a map W V ©iy°(^x(l)) and / as a map V 
W^H^i^xil)). 

Let us define an analogue of the moment map 

A = fiwy ■■ B ^ End(y) (g)H^{ffxi2)) 

by the formula 

jl{BuB2jJ) = [BuB2] + il 

As before an element of /i^^(O) is called an ADHM datum (or an ADHM {r,c)-datumfor X 
if we want to show dependence on r, c and X). 
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If we fix a point p EX then for a ^-vector space U the evaluation map evp : //"(^^(l)) -> 
ffx{^)p — k tensored with identity on U gives a map f/ — )■ i7 which we also denote 
by evp. For simplicity, we will use the notation Bi (p) = eVpBi E Hom(y, V), etc. For an ADHM 
datumx= {Bi,B2j, j),x{p) denotes the quadruple {Bi{p),B2{p)J{p),j{p)). Note that for maps 
to be well defined we need to fix an isomorphism ffxi^)p — k at each point p EX. This does not 
cause any problems as all the notions that we consider are independent of these choices. 

Definition 1.9. We say that an ADHM datum jc G B is 

1. FJ-stable (FJ-costable, FJ-regular), if x{p) is stable (respectively: costable, regular) for 
all pEX, 

2. FJ-semistable, if there exists a point p EX such that x{p) is stable, 

3. FJ-semiregular, if it is FJ-stable and there exists a point p EX such that x{p) is regular. 

Definition 11.91 in case of X = (not P-^!) was introduced by I. Frenkel and M. Jardim in 
[iFJl . but we slightly change the notation and we call stability, semistability, etc. introduced 
in [|FJ1 . FJ-stability, FJ-semistability, etc. The reason for this change will become apparent in 
later sections. Namely, in [|Jal Jardim generalized this definition of (semi)stability of ADHM 
data to all projective spaces and claimed in [|Jal Proposition 4] that his notion of semistability is 
equivalent to GIT semistability of ADHM data. We show that this assertion is false. 

Let us specialize to the caseX = P^ Let [.)co,jci,;c2,a:3] be homogeneous coordinates in P^ and 
let us embeddX into P-^ by [jo^Ji] boj^bO^O]- Then^o andxi can be considered as elements 

Of//0(X,^;,(l)). 

Let ussQtW = V®V®W. Then any point jc = (5i ,^2 J, j) G B = B O/f °(^pi ( 1)) gives rise 
to the following maps of sheaves on P^: map a :V ® G^-i (— 1 ) -^W ® ff^-i given by 

/ 5i + l®^2 \ 
a=\ 52 + l®^3 (3) 

and map /3 : IV ^p3 -^V ® ^p3(l) given by 

/3 = (-52-l®X3 Bi + \®X2 (4) 

It follows from easy calculations that /3a = if and only if (5i,52, z,j) E /i^^(O). So if x is an 
ADHM datum then we get the complex 

^; = (y ® (- 1 ) ^ ® A y ® ( 1 ) ) (5) 

considered in degrees —1,0,1. 

Let Zoo be the line in P^ given by xq= xi= 0. It is easy to see that after restricting to loo the 
cohomology of the above complex of sheaves becomes the trivial rank r sheaf on P^ . Moreover, 
we have the following lemma: 
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Lemma 1 . 10. (see [iFJl Proposition 11]) Let us fix an ADHM datum jc G B. Then the correspond- 
ing complex ^* is a monad if and only if the ADHM datum x is F J -stable. 

Proof. The map a is always injective as a map of sheaves, so we only need to check when /3 is 
surjective. This is exactly the content of llFJl Proposition 11]. □ 

The main theorem of fFT] is existence of the following set-theoretical bijections: 

Theorem 1.11. ( llFJl Main Theorem]) The above construction of monads from ADHM data on 
gives bijections between the following objects: 

• F J -stable ADHM data and framed torsion free instantons; 

• FJ-semiregular ADHM data and framed refiexive instantons; 

• FJ -regular ADHM data and framed locally free instantons. 

2 Perverse instantons on P^. 

In this section we introduce perverse sheaves and perverse instantons and we show that perverse 
instantons are perverse sheaves (this fact is non-trivial!). We also sketch proof of an analogue of 
Drinfeld's representability theorem in the 3-dimensional case. 

2.1 Tilting and torsion pairs on P^. 

Definition 2.1. Let be an abelian category. A torsion pair in ,2/ is a pair (^,^) of full 
subcategories of such that the following conditions are satisfied: 

1 . for all objects T G Ob ^ and F G ^ we have Hom^(r, F) = 0, 

2. for every object E GOhs/ there exist objects T E Oh ^ and F G Ob^ such that the 
following short exact sequence is exact in £/ : 

O^T ^E^F ^0. 

We will need the following theorem of Happel, Reiten and Smal0: 

Theorem 2.2. (see HHRSi Proposition 1.2.1]) Assume that is the heart of a bounded t- 
structure on a triangulated category and suppose that ^) is a torsion pair in . Then 
the full subcategory 

=^={£GOb^://'(£) =0 for «V 0,-1, ^^n^) eOb^, and//^(F) G Ob^} 
of ^ is the heart of a bounded t-structure on S). 
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In the situation of the above theorem we say that SS is obtained from by tilting with respect 
to the torsion pair ( ^) . 

Let £■ be a coherent sheaf on a noetherian scheme X. The dimension dim£' of the sheaf E 
is by definition the dimension of the support of E. For a J-dimensional sheaf E there exists a 
unique filtration 

ocro(£)cri(£)c...crrf(£) 

such that Ti{E) is the maximal subsheaf of E of dimension < i (see IIHL21 Definition 1.1.4]). 

Let £^ be an abelian category. Then any object in can be viewed as a complex concentrated 
in degree zero. This yields an equivalence between and the full subcategory of the derived 
category D(^) of of complexes K* with H'{K*) = for / 7^ 0. 

In the following by we denote the bounded derived category of the abelian category 

of coherent sheaves on the scheme X. The object of D^{X) corresponding to a coherent sheaf F 
is called a sheaf object and by abuse of notation it is also denoted by ^ . 

If ^ is a complex of coherent sheaves on X then J^^(^) denotes its p-\h cohomology. We 
use this notation since we would like to distinguish cohomology of a sheaf object ^ 

and cohomology of a sheaf //p(^) =HP{X,.^). 

Let £^ = Coh X be the category of coherent sheaves on a smooth projective 3-fold X. Let 
£^ be the full subcategory of £/ whose objects are all coherent sheaves of dimension < 1. Let 
^ be the full subcategory of £/ whose objects are all coherent sheaves E which do not contain 
subsheaves of dimension < 1 (i.e., Ti{E) = 0). Clearly, ^) form a torsion pair in £/. 

Definition 2.3. A complex <^ G Z)^(X) is called a perverse sheaf if the following conditions are 
satisfied: 

1. JT'C^) =Ofor«VO,l, 

2. jr^C^) GOb^, 

3. jr^C^) GOb^. 

Definition 2.4. A moduli lax functor of perverse sheaves is the lax functor Perv(X) : Sch /k ^ 
Group from the category of ^-schemes to the category of groupoids, which to a ^-scheme S 
assigns the groupoid that has 5-families of perverse sheaves on X as objects and isomorphisms 
of perverse sheaves as morphisms. 

Theorem 12.21 implies that perverse sheaves form an abelian category which is a shift of the 
tilting of CohX with respect to the pair This fact is crucial in proof of the following 

theorem (cf. IISGAli VIII 5.1, 1.1, 1.2], ttSoj Theorem 3.5], llBFGl Lemma 5.5]): 

Theorem 2.5. The moduli lax functor of perverse sheaves on a smooth 3-dimensional projective 
variety is a (non-algebraic!) k-stack. 
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Proposition 2.6. Let 



be a complex of locally free sheaves on X and assume that there exists a curve j :C ^ X such 
that L j*^ is a sheaf object in D^{C). Then the object ofD^iX) corresponding to is a perverse 
sheaf. 

Proof. Note that L j*"^ is represented by the complex 

j* ^ ^ ^) j* ^ ^) j*'^^ 

Since Jf^^{Lj*^) ~ 0, the restriction of a to C is injective. Since is torsion free this 
implies that a is injective and hence (^) = 0. 

Similarly, by assumption we have M'^{Lj*^) = and hence the restriction of j8 to C is 
surjective. This implies that j8 is surjective in codimension 1 (i.e., it is surjective outside of a 
subset of codimension > 2). Therefore = cokerjS is a sheaf of dimension < 1, i.e., 

J^H^) is an object of 

By definition we have a short exact sequence 

^ ^E = cokera ^ imj8 ^ 0. 

Therefore to finish the proof it is sufficient to show that Ti{E) — 0. To prove this let us consider 
the following commutative diagram 











kery — ^ E/Ti{E) > 











-> 





Using the snake lemma we get the following short exact sequence 

^ ^ kery^ ri(£:) ^ 0. 

Since keryis torsion free (as a subsheaf of ^'^), is reflexive and the map keryis an 

isomorphism outside of the support of TxiE) (i.e., outside of a subset of codimension > 2), the 
map — > ker y must be an isomorphism. In particular, T\ (E) = and is an object of 

^. □ 
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Proposition 2.7. Let 

be a complex of locally free sheaves on and assume that there exists a curve j : C P3 such 
that Lj*^ is a locally free sheaf object in D'^iC). Then M'^i^) is torsion free. 

Proof Let Z be the set of points ;? G such that a{p) = a®k{p) : "^^^ ®k{p) '^'^ ®k{p) 
is not injective. It is a closed subset of P^ (in the Zariski topology). Since J^^{Lj*^) is locally 
free, it is easy to see that Z does not intersect C (if Z fl C 7^ then the cokernel of j* a would 
contain torsion that would also be contained in J^'^(Lj*^)). But since we are on P-^ this implies 
that Z has dimension at most 1. But the support of r2(cokera) is contained in Z and r2(cokera) 
is pure of dimension 2 (by the previous proposition). Therefore cokera is torsion free, which 
implies that J^^{^) is also torsion free. □ 

2.2 Definition and basic properties of perverse instantons 

Let us denote by j the embedding of a line / into P^. The pull back j* induces the left derived 
functor L/ :D^(p3) ^D^{1). 

Definition 2.8. A rank r perverse instanton is an object ^ of the derived category Z)^(P^) satis- 
fying the following conditions: 

1. //^'(P3,^(g)^p3(^)) =0 if either p = 0, 1 and p + ^ < or p = 2,3 andp + ^ > 0, 

2. ^P(<^) =Oforp^O,l, 

3. there exists a line j : Z t- P-^ such that Lj*'^ is isomorphic to the sheaf object ^®'^. 

Let us fix a line j : /«, "— > P^ and choose coordinates [xo,xi, JC2,.^3] in P^ so that Zoo is given by 
xq=x\= 0. A framing 4> along l^ of a perverse instanton ^ is an isomorphism 4> : Lj*^ — )■ ^®''. 
A framed perverse instanton is a pair 4>) consisting of a perverse instanton ^ and its framing 
4>. 

Any instanton is a perverse instanton. By the Riemann-Roch theorem for any perverse in- 
stanton there exists c > such that ch('^) = r — c[H]^. We also have a distinguished triangle 
J^^{^) — )■ — )■ ^^(^) [—1] — )■ Jif'^ll]. However, it is not a priori clear if a perverse instanton 
is a perverse sheaf in the sense of Definition 12.31 We will prove that this is indeed the case in 
Corollary [im 

As before there is a natural G = GL(r)-action on B which induces a G-action on the set of 
ADHM data. More precisely, let us recall that the group G = Gh{V) acts on B via 

g-{BuB2,iJ) = {gBig-\gB2g-\giJg-^) 

and it induces the action on B. If we consider the adjoint action of G on End(y) then the map jl 
is G-equivariant. In particular, G acts on /i^^(O), i.e., on the set of ADHM data. 

The main motivation for introducing perverse instantons is the following theorem: 
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Theorem 2.9. There exists a bijection between isomorphism classes of perverse instantons 
(^,4>) with ch(^) = r - c[hY framed along loo and GL{c)-orbits ofADHM {r,c)-datafor 

The bijection in the theorem is the same as in Section [L4l Namely, ii x — {Bi^BiJ, j) is an 
(r, c) -complex ADHM datum then we can associate to it the complex 

= (y (-1) ^ ® y ® ( 1)) (6) 

where a and j8 are defined as in Section [L4l This complex is a perverse instanton and it comes 
with an obvious framing along loo. 

In the following we sketch proof of a stronger version of the above theorem showing that 
isomorphism already holds at the level of stacks. To do so, first we need to generalize the above 
definition to families of perverse instantons. 

Let 5 be a (locally noetherian) fc-scheme. We set js = J x Id^ : 5 Z^o — t- = 5 P^. 

Definition 2.10. An S-family of framed perverse {r,c) -instantons is an object E ObD*(P|) 
together with an isomorphism 4> : L — > ^[ such that for every geometric point s : Spec^ — )■ 
5, the derived pull-back {Lj*^,Ls*'^) is a framed perverse (r,c) -instanton on P^. 

A morphism (p : (^i,4>i) — )• (^27^2) of 5-families of framed perverse instantons is a mor- 
phism (p : ^1 ^ ^2 in D^'iFl) such that $1 = 4>2 oLj|(p. 

Definition 2.11. A moduli lax functor of framed perverse {r,c) -instantons is the lax functor 
Perv^(P-^, /c») : Sch/^ — )• Group from the category of ^-schemes to the category of groupoids, 
which to a A:-scheme S assigns the groupoid that has 5-families of framed perverse (r, c)-instantons 
as objects and isomorphisms of framed perverse instantons as morphisms. 

In order for the definition to make geometric sense we have to note that the moduli lax functor 
is a stack, i.e., it defines a sheaf of categories in the faithfully flat topology: 

Lemma 2.12. The moduli lax functor of framed perverse {r,c) -instantons on P^ is a k-stack of 
finite type. 

Let G be an algebraic group acting on a scheme X. Then we can form a quotient stack 
[X/G] which to any scheme S assigns the groupoid whose objects are pairs {P,(p) consisting 
of a principal G-bundle P on 5 and a G-equivariant morphism (p : P ^ X. A morphism in this 
groupoid is an isomorphism h: {Pi,(pi) (P2, (pi) of pairs, i.e., such an isomorphism h: Pi ^ P2 
of principal G-bundles that (pi = (p2oh. 

In the 3-dimensional case we have the following analogue of Drinfeld's theorem on repre- 
sentability of the stack of framed perverse sheaves on P^ (see HBFGi Theorem 5.7]): 

Theorem 2.13. The moduli stackPerv'^^{¥^ Joo) is isomorphic to the quotient stack [jl^^{0)/ G'L{V)]. 

Proof of the above theorem is analogous to proof of HBFGi Theorem 5.7] and it follows from 
the following two lemmas. 
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Lemma 2.14. Let he a perverse instanton on P-'. Then 

m{¥\^{-i)®Q.-j{-p)) = o 

for q I and for q = \, p < —3 or p > 0. 

This lemma and its proof are analogous to PNal Lemma 2.4] and [|FJl Proposition 26]. 

Lemma 2.15. An S-family of perverse instantons ^ E D*(P^) is canonically isomorphic to the 
complex of sheaves 

in degrees —1,0, 1 coming from Beilinson's construction. Moreover, a is injective (as a map of 
sheaves), the sheaves — 1) i^Q.P(p)) are locally free for p = 0, 1,2 and we have a 

canonical isomorphism 

R\pi),{'^®^^{l))-R\pi),{'^{-\)). 

The above lemma follows from the previous lemma by standard arguments using Beilinson's 
construction (i.e., proof of existence of Beilinson's spectral sequence) in families. 

Corollary 2.16. Let ^ be a perverse instanton on P^. Then is torsion free and 

J^^(^) is of dimension < 1. 

Proof. The assertion follows immediately from Proposition 12.71 and Lemma [2.151 applied for S 
being a point. □ 

2.3 Analysis of singularities of perverse instantons 

Definition 2.17. Let £ be a coherent sheaf on a smooth variety X. Then the set of points where 
the sheaf E is not locally free is called the singular locus of E and it is denoted by 5(£') . 

It is easy to see that the singular locus of an arbitrary coherent sheaf on X is a closed subset 
of X (in the Zariski topology). Here we study the singular locus of perverse instantons on P^. 

From the proof of [iFJl Proposition 10] it follows that in case of complex ADHM data if 
cokeroc is not reflexive then it is non-locally free along a certain (possibly non-reduced or re- 
ducible) curve of degree (not 2c!) that does not intersect loo. If cokera is reflexive then it is 
non-locally free only in a finite number of points. 

We have two short exact sequences: 

^ J^^C^) cokera ^ im/3 ^ 

and 

^ im/3 ^ '^^ ^ 1 (^) = coker /3 -> 0. 
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It follows that im j8 is torsion free and it is non-locally free exactly along the support of M' {^) 
(which is at most 1 -dimensional). 

Obviously, JT^C^) can be non-locally free only at the points of 5(coker a) or at the points of 
5(im/3). Moreover, the 1-dimensional components of S{J^^{^)) are contained in 5(cokera). 
This follows from the fact that the kernel of a map from a locally free sheaf to a torsion free sheaf 
is reflexive. 

3 GIT approach to perverse instantons 

In this section we consider ADHM data for an arbitrary manifold X. We have a natural G = 
GL(V)-action on B which induces a G-action on the set of ADHM data /i^^ (0) . Let x -G^ 
be the character given by the determinant. We can consider the G-action on B x with respect 
to this character (i.e., a non-trivial G-linearization of the trivial line bundle on B). 

The main aim of this section is to study different notions of stability obtained via Geometric 
Invariant Theory when taking quotients (0) // A H^) / G. 

This section is just a careful rewriting of [iVVi, Section 2] but we give a bit more details for 
the convenience of the reader. 

Definition 3.1. We say that an ADHM datum is 

1. stable, if for every subspace S CV (note that we allow 5 = 0) such that 8^(5) C 5® 
H'^i&xil)) for yt= 1,2 we have imi ^ S^H^i^xi^)). 

2. costable, if for every no non-zero subspace S <ZV such that 5^(5) C S®H'^{(ffx{^)) for 
k= 1 , 2 we have S (f_ ker j, 

3. regular, if it is stable and costable. 

We say that {B\ , ^2, z, j) satisfies the ADHM equation if [Bi , ^2] + ij = 0. 

The following lemma generalizes PNal Lemma 3.25]. Its proof is similar to the proof given 



Lemma 3.2. Let x be an ADHM datum. Then x is stable if and only ifG- (x, z) is closed for some 
(or, equivalently, all) z 7^ 0. 

Proof. Let sections {5/} form a basis of //^(^^(l))- Then and i can be written as 



Assume that G- (jc,z) is closed for z 7^ 0. Suppose that there exists S C.V such that Bk{S) C 
S®H^{ffx{'^)) fork= 1,2 and im/ C S®//0(Vx(l)). Let us fix a subspace 5^ CV such that 
V = S(£)S^. Then we have 



inEill. 



I = 
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If we set g{t) = 



then we have 




has a limit {\imt^og{t)x,0) which does not belong to G- Contradiction shows that x has to 
be stable. 

Now suppose that x is stable and G ■ (jc, z) is not closed. By the Hilbert-Mumford criterion 
there exists a 1 -parameter subgroup A : G,„ — t- G such that the limit limt^oX {t){x,z) exists and it 
belongs to G ■ {x, z)\G ■ {x, z) ■ Let V{m) consist of vectors v G V such that X{t) - v — t"\ for every 
t E G,n. Then we have a decomposition V = 0^ V (m) and we can choose a basis of V such that 



where a 1 > . . . > Existence of lim;^^0'^(0^*:'^(^ ^) implies that the limits lim;^0'^(0-S//t'^(^ ^) 
exist for every /. Let 5/^ = (bij). Then {?i{t)Bik?i{r^))ij = t"'^"Jbij. This shows that bij = 
if ai < aj. Therefore Bk{V{m)) C {®i>^V (1)) ^ H^{ffx{'^))- Similarly, one can show that 
im/C (e„>oy(m))®//0(^x(l)). Let us set5 = e„>oy(m). Then 4(5) C 5® //0(^x(l)) 
and imz C 5 ® i/*^((^x(l)), so from the stability condition it follows that S = V. Therefore 
detX{t) = for N > 0. If = then V{0) = V and A = Id. This is impossible because 
lim,^oA(f)(jc,z) ^G-{x,z). If N > then = {X{t)x,det{X{t))-h) = {X{t)x,t-^z) 

which diverges as ? — )■ 0. This gives a contradiction. □ 

Proposition 3.3. The following conditions are equivalent: 

1. xis stable, 

2. X is X -stable, 

3. X is x-semistable. 

Similar assertion holds if we replace stable with cos table and x with x^^ ■ 

Proof. By Lemma [3^ jc is stable if and only if x is ;t -poly stable. So to prove the proposition 
it is sufficient to prove that if x is stable then its stabilizer in G is trivial. Assume that g E G 
acts trivially on x and consider S — ker(g — Id). Then imi C S H^{0'x{l)) and Bk{S) C S® 
//^(^x(l)) so S = V and g — ld. If x is ;t-semistable let y be a ;t-polystable ADHM datum such 
that {y,w) is in the closure of G- {x,z). Since G- (x,z) is disjoint from the the zero-section ( fiKH 
Lemma 2.2]) we know that w ^0. Then y is ;f-stable and in particular it has a trivial stabilizer 
in G. Therefore the orbit of (j, w) has the maximal dimension. But the set G- {x,z)\G- {x,z) 
is composed from the orbits of smaller dimension than the dimension of G ■ (x, z) ■ Therefore 
G ■ (x, z) = G ■ (y, w) and x is also ;{;-stable. □ 



/ t"^ 



\ 



\ 
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Lemma 3.4. Let x be an ADHM datum. Then x is 1 -stable ( i. e., stable for the trivial character) 
if and only if it is regular 

Proof Let us recall that x is 1 -stable if and only if the stabilizer of x in G is trivial and the orbit 
G • .x; is closed. Then for any character and any z 7^ the orbit G ■ (x, z) is closed as well. In 
particular, x is both ;f-stable and ;^^^-stable, which by Proposition l3. 31 gives implication 

Proof of the other implication is similar to the proof of Lemma [3^ Suppose that x stable and 
costable and G x is not closed. There exists a one-parameter subgroup A : G,n G such that 
\imt^oX{t) -x exists and belongs to G x\G x. Let V = 0,„V(m) be the weight decomposition 
with respect to A . As in proof of Lemma 1X2] existence of the limit lim^^^o A (?) ■ x implies that 

MV{m))c{®V{l))®H\Mi)), 

l>m 

im/C (0y(m))®//'^(^x(l)) 

m>0 

and 

0y(m)cker/. 

m>0 

The stability condition implies that V = 0m>o^("^) and costability gives 0„j>iy(w?) = {0}. 
So y = y(0) which contradicts our assumption that the limit limf^oA(?) -x does not belong to 
G ■ X. The stabilizer of .x; in G is trivial because x is also ;^-stable. □ 



Lemma 3.5. Letx G il^\,{0). Thenx is 1-polystable if and only if there exist subspaces Vi,V2 C 

y and quadruples xi G AivVi i^Y''^ ^2 ^ A{o} ^2''^-' '^"''^ ^^'^^ y = yi © y2. x = Xi(Bx2 and 
GL(y2) ■X2 is closed. Moreover, such splitting is unique. 

Proof. Let us remind that x is 1-polystable if and only if GL(y) ■ x is closed. 

Assume first that x = {Bi,B2j,j) has a closed orbit and define Vi as the intersection of all 
subspaces 5 C y such that 5^ (5) C 5 (g) //"^ ( ( 1 ) ) for = 1 , 2 and im C S O//^ ( ( 1 ) ) • Choose 
V2 such that V = Vi®V2. Let {si} be a basis of H^i^xC^))- Then Bi,, land / can be written as 



where 



If X{t) = [ ^ ) then we have 



X{t)BkMt-') = (^l A(0// = //, mt-') = {* t*). 

Hence there exists x' = (Bj ,^2, /) = limf^o ^it) -x which has the following properties: 
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B'kiVa) C Va<^H^i^xil)) fork,a = 1,2, 



K\Vi=^m fork =1,2, 



i' = /, 



4 = 0, 



J\Vi-J\Vr 



Since the orbit of x is closed, we have x' G GL{V) -x. There exists g e GL{V) such that 
xf = g-x. So if we find Vl,V2 andyj,JC2 satisfying conditions in the lemma for y, theng-Vl,g-V2 
and g"^ ■xfi,g~^ ■x!2 satisfy it for x. 

Let y/ be the intersection of all subspaces S CV such that 5^ (S) C S ° ( ( 1 ) ) for = 1 , 2 
and imi' C 5®//'^((^x(l))- Properties of x' show that Vi is one of such subspaces so V/ C Vi. On 
the other hand g ■ V[ destabilizes xsoVi C g^^ ■ V/ and by the dimension count we obtain = Vi. 
Let us set = V2 andx^ = {B'^^^^^B'^^^^J J[y^), ^ = {B[^y^, B'^^^^A I\v,) = (^V^'^Vi'^'^^" 
is clear that x'^ G Aw Vi (0) ^^^d -^2 ^ A{o} (0) ^ = A ® ^2- Since Vj' is minimal destabilizing 
space for x/, we also know that j/^ is stable. 

Now assume that e AwVi (0) is in the closure of the GL(Vi)-orbit of jc^ andjC2 G A{o} Fj^^-^ 
is in the closure of the GL(y2)-orbit of xf2. Then j// ® j;^' is in the closure of the GL(y)-orbit 
of x' = x[ Q)X2. This orbit is closed by the assumption so we can find g G GL(y) such that 

g'X = X^ 

We can write 

' ^11 812 
821 822 

x'l = {Y,^'ni®si,Y,B2u®si,Y,hi®si,Y,Ju^si) 
I I I I 

x'2 = {Y,B'ni^si,Y,B'22i^si,0,0) 
I I 

A = {Y,^ni^^hT,^2U^^hT,hi^shT,ju^^i) 

I I I I 

4' = (^B'[2i®Si,Y,B^22l®Sh^^^) 

I I 
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The equality g-y! = x'((Bx2 gives us for each I and k= 1, 2 the following equalities: 

\82iB[,j g22B',2i J \g21g22) V K21) 

= (B'lu ^ ( Sn Sn\ ^ ( B'Un B'Un\ 

V 51:2/; ^21^22^ V5;'2/^2l5;'2,^22y' 




Let S = kerg2i C Vi . The equalities above show that for every / and k= 1 , 2 we have 

5^1,(5) C 5 im^cS, 

which shows that 5 is a destabilizing space for jCj . Since xi is stable S = Vi and g2i = 0. Therefore 
^11 and g22 are isomorphisms. Hence 

gn-A= 4' and ^22 ■ 4 = 4' 

which shows that the orbits GL(yi) -Xj and GL(V2) ■x'2 are closed. By the same argument as in 
Proposition 13.31 we show that xi has a trivial stabilizer in GL{Vi). Hence xi is 1 -stable and by 
Lemma [33] it is co stable. 

Remark 3.6. Note that the decomposition V = Vi © y2 is unique since Vi (respectively V2) is the 
smallest (respectively the biggest) subspace of V such that 

Bk{Vi) cVi^H^i^xil)) for fc= 1,2 and im?C Vi ®//^(^x(l)) 

(respectively Bk{V2) C V2 ®//°(^x(l)) for A: = 1,2 and V2 C ker /). 
Obviously, the splitting x = xi®X2 is also unique. 

Now let us prove the opposite implication <^=. Fix x = (5i,52, z,j) admitting a splitting 
X = xi®X2 as in the statement of the lemma. Let Y be the unique closed orbit contained in the 
closure of GL(y)-orbit of x. By [INal Theorem 3.6] there exists x*^ eY and A : — > GL(y) such 
that limf^O'^(0 ■x = x^. The implication proved above shows that there exists a unique splitting 
= x1® x^ and V = V^® as in the lemma. Put 

vl = limA(f)\4 andx? = \imX{t) -Xkfor k = 1,2. 

The first limit exists because subspaces in V of fixed dimension are parameterized by Grassma- 
nians which are projective. The remaining limits are restrictions of x^ to and V2, respectively. 
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Remark 3.7. Let us note that 

X{s)YimX{t){Vk) =ymiX{ts){Vk) = vl. 

Hence for any s G G,,, and k= 1 , 2 we have A (s) {V^) = V^. 

First, let us suppose that X{t){Vi) = Vi for all t . Then V j = Vi and for fc, / = 1 , 2 we have 
(limA(0 ■Bi){vl)) = (limA(0 ■ Br X{t-^)){\imX{s)Vk) = \imX{t) -5,(7^) c 

t^O t^O s^O t^O 



C limA(0(Vfc®//°(^jf(l))) = V?®i^°(^x(l)) 



im(lim A (0 2) = lim A (0 im ? C lim A (f ) Vi ® //^ ( ( 1 ) ) = VV ® //° ( ( 1 ) ) 

t^O t^O t^O 

and 

kerlim jA(r^) = limker jX{r^) D \imX{t)V2 = V^2- 



Therefore by the characterization of and given in Remark 13.61 we have C and 
C Since A(?) preserves Vi for all f we see that^ G GL(yi) -xi — GL(yi) -xi. This shows 

that is stable and again using Remark [3^ we obtain equality = Vi- Then the dimension 

count shows that V2 = and in particular y = © V^. 
Consider the unipotent group 

Ui = {ue GL(y)|lim(A(OMA(0"^) = 1}. 

Observe that we can replace A by A' = wAa^^ for u e Ux- Indeed, one can easily prove that 
lim,^.0'^'(0^ = "-^^ represents the same orbit as x^. 

We will show that there exists uEUx such that 

M(yJ) =y^for/t= 1,2. (7) 

Set m = dimy^ and n = dimy. By Remark [377] one can choose a basis £/ = (oc,)"^j of V such 

that is a basis of F^, (a/)"^„j^i is a basis of and A(?)a/ = for some a,- G Z and 

all t G Gm. Let (m/;) be the matrix of w G GL(y). Then 

(uij) G Ui <^=^ Uii = 1 and = for i ^ j such that a, < aj. (8) 

Let ^ (/3;)^^„,^i be a basis of V2 such that 

m 

= "7 + L «/ for J = (m + 1 ) , . . . , n. 

1=1 
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Such a basis exists because dimV2 = dimV^ and V2 fl = {0}. Let bj = min{a,- : / = j or Cij 7^ 
0}. Then 

m m 

limA(?) span(/3/) = limspan(?''^a^ + ^c//"'a/) = span(lim(f"^^*^a^ + ^c,/?"''"*'a,)). 

The vector limt^o{t"j^^j aj + Y,'iLi Cijt^'^^jai) exists by the definition of bi. Moreover, since 

limf^0'^(0^2 = it must be contained in V^. Therefore bj = aj and c// = when a,- < ay. 
Now, with respect to the basis £/, we define u E GL(y) by matrix (uij) with the following 
coefficients: 

{1 for / = J, 
Cij for z < m and j > m + 1 , 
in the remaining cases. 

By dS]) such u belongs to Ui and satisfies (|7]). 
Using Remark [377] we get for k= 1,2 

X'{t){Vk) = uX{t)u-\Vk) = uHt){vl) = u{vl) = Vk. 

We can therefore assume that A = Ai x A2, where A^, a = 1,2, is a one-parameter subgroup of 
GL{Va). Then, since xi, X2 have closed orbits, we get 

x^ = lim(Ai(0 -^1 © A2(0 ■X2) G GL(yi) ■xi®GL{V2) ■X2 C GUV) -x, 

f-)-0 

which proves that the orbit of x is also closed. 

In general, by similar arguments as above there exists an element uEUx such that u(y\) = Vi . 
Consider the one-parameter subgroup A' = uXu^^ . Then we have A'(f)(Vi) = Vi for all t and 
limf^o('^'(0 ' ^) = Thus, the previous part of the proof implies that ux'^ E Gh{V) -x and it 
proves that the orbit of x is closed. □ 



Remark 3.8. Note that up to now we have never assumed that either r or c is positive. In fact, 
r = is very interesting due to Lemma 13.51 This lemma shows that at least set-theoretically 
one can reduce the study of 1 -poly stable ADHM data to regular ADHM data and 1 -poly stable 
ADHM data in the rank case. We explain the geometric meaning of this fact in the next section. 

Note that in case of rank there are no stable ADHM data so jl^^{0)//j(G = 0. But the 
quotient /i^^ (0)/G is still a highly non-trivial scheme. 

4 Gieseker and Donaldson-Uhlenbeck partial compactifica- 
tions of instantons 

In this section we consider ADHM data for X = P^, which by Theorem 12.91 correspond to per- 
verse instantons on P-^. In this case we obtain a similar picture as that known from framed torsion 
free sheaves on P^ (see ll.2l) . 
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Definition 4.1. A perverse instanton is called stable (costahle, regular) if it comes from some 
stable (respectively: costable, regular) ADHM datum. 

Let us recall that we have a natural action of G = GL(V) on the set /i^^(O) of ADHM 
data. This action induces an action on the open subset /i^^(O)''' of stable ADHM data, which by 
Lemma l3J] corresponds to ;f -stable points for the character X'G—^- Gm given by the determinant. 
The proof of Lemma 13. 31 shows that /i^^(O)* /i^^(0)'*/G is a principal G-bundle in the etale 
topology (In fact, in positive characteristic we also need to check scheme-theoretical stabilizers. 
Then the assertion follows from a version of Luna's slice theorem. We leave the details to the 
reader.) 

Let ^(P^;r,c) : Sch /k ^ Sets be the functor which to a scheme S assigns the set of iso- 
morphism classes of 5-families of stable framed perverse (r, c)-instantons. Theorem |2. 13| and the 
above remarks imply that this functor is representable: 

Theorem 4.2. The quotient ^(P'^;r, c) := /1^^(0)//;^G is a fine moduli scheme for the func- 
tor ^(P-^;r, c). In particular, there is a bijection between G-orbits of stable ADHM data and 
isomorphism classes of stable framed perverse instantons. 

Since every FJ-stable ADHM datum is stable we get as a corollary the following theorem 
generalizing the main theorem of [|FJ| : 

Theorem 4.3. Let jl^^{Oy-' be the set of FJ-stable ADHM data. Then the GIT quotient 
^■^(P^;r,c) := jl^^ {0)^-^ // ),G represents the moduli functor of rank r instantons on P^ with 
C2 = c, framed along a line loo. In particular, there is a bijection between G-orbits of FJ-stable 
ADHM data and isomorphism classes of framed (r, c) -instantons. Moreover, orbits of F J -regular 
ADHM data are in bijection with isomorphism classes of locally free instantons. 

Let ^Q^{¥'^\r, c) be the moduli space of regular framed perverse (r,c) -instantons. By The- 
orem |4]2] J#Q'^^(P-^;r,c) is isomorphic to the quotient of regular ADHM data by the group G. 
The space ^(P^;r, c) contains the moduli space ^Q^^{¥^;r,c) as an open subset and it can be 
considered as its partial Gieseker compactification. Note also that FJ-semiregular ADHM data 
are regular, so ^Q^^(P^;r,c) contains the moduli space of framed reflexive (r,c) -instantons as 
on open subset. 

Let ^o{¥^;r, c) denote the quotient jl^^ (0) /G. This is an affine scheme and it contains the 
moduli space ^Q^^{F^;r,c) as an open subset. It can be considered as its partial Donaldson- 
Uhlenbeck compactification. 

Proposition 4.4. For every stable rank r> perverse instanton on P^ there exists a regular 
rank r perverse instanton and a rank perverse instanton such that we have a distin- 
guished triangle 



22 



Proof. Fix a stable ADHM datum x = (5i,52,/, j) G /i^^(O)'^ corresponding to a perverse in- 
stanton (see Theorem 12 .91 ) . Then by PNai Theorem 3.6] there exists a one-parameter subgroup 
A : Gm — > GL(y) such that = limt^Q{X{t) -x) exists and it is contained in the unique closed 
orbit in Gh{V) ■ x. Let us set x^ = {B\,B\, /) and fix a splitting x^ =x\®X2,V = Vi® V2 as 
in Lemma |33I 

As before we can consider the weight decomposition 

V = V{m), where V{m) = {v eV\l{t) -v = f'v}. 

Since x is stable we have V = 0,„>oy(m). Let be the composition of i and the natural projec- 
tion jci : Vi © V2 -> V^i . We claim that 

yi=y(o), x? = (5j|^^,50^^,PJ), 

V2 = ©V(m), xl = {B\^y^,B\y^M). 

m>l 

By Remark [X6l it is enough to show that V{0) is the smallest destabilizing subspace for 
x^ and 0m>iy('«) is the biggest subspace "decostabilizing" x^ . It is easy to see that y(0) 
indeed destabilizes x^ . If there was a proper subspace S C V{0) with the same property then 
5© 0,„>i y(m) would destabilize x. A similar argument applies to ®m>\^{^)- 

Varagnolo and Vasserot in HVVi proof of Theorem 1] claimed thatx2 — {Bi\V2^B2\y^,Q,Qi). In 
our case this equality does not hold. Let us set X2 = {B i]y^,B2\y^:0 ^0) ■ Since j\y^ = one can 
easily see that X2 satisfies the ADHM equation and X2 G iXQy^{Q). 

Although X and © X2 in general are not equal, we still have the following exact triple of 
complexes: 

o^<^;,-^<^;->^;o-^o. (9) 

This triple gives rise to the required distinguished triangle. □ 

As a corollary to the above proposition we can describe the morphism from Gieseker to 
Donaldson-Uhlenbeck partial compactifications of ^^^{¥'^\r,c). Namely, we have a natural 
set-theoretical decomposition 

^o(P^;'-,c)= U ^o''^(P^r,c-J) x^o(P^O,J). 

0<<i<c 

Then the natural morphism 

^(p3;r,c) ~ iL-\Q)//^G^ii-\id)/Gc^J^Q{¥^;r,c) 
coming from the GIT (see Subsection ll.il) can be identified with the map 

C^,4>)->((^',4.0,^"), 

where ^' and ^" are as in Proposition 14.41 and 4>' is induced on ^' via 4>. This morphism is 
analogous to the one described in Subsection 1 1.2[ 
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Proposition 4.5. For every framed rank r > instanton E on there exists a unique regular 
rank r instanton E' containing E. Moreover, the inclusion map E E' is uniquely determined 
and we have a short exact sequence 

O^E ^E' ^E" ^0, 
where E" is a rank instanton ( see Definition 15. i P . 

Proof. Let us consider the short exact sequence from the proof of previous proposition. Since 
is a rank perverse instanton, we have ) = 0. Thus we obtain the following long 

exact sequence of cohomology groups 

By Lemma [l.lOU is FJ-stable if and only if ^(^*) = 0. In particular, if x is FJ-stable then 
= 0. This implies that .^^(^o) = and hence jc9 is also FJ-stable. Therefore we can 

set E' = ^°(^*)) and E" = J^^"^'^). Let us set c' = dimVi. Our choice of jc^ and X2 shows 

that E' is a torsion free (r, c') -instanton corresponding to a costable ADHM datum, and E" is 
the first cohomology of a perverse (0, c — c')-instanton (let us recall that such instantons have no 
other non-trivial cohomology). □ 

The above proposition allows us to describe the morphism from the moduli space (P^; r, c) 
of framed instantons to the Donaldson-Uhlenbeck partial compactification of ^Q^^(P^;r,c). 

5 Perverse instantons of rank 

In this section we describe the moduli space ^o(P^;0,c) of perverse instantons of rank 0. Let 
us recall that this "moduli space" does not corepresent any functor and in particular, as for Chow 
varieties, we do not have any deformation theory. But we can still show that closed points of 
this moduli space can be interpreted as certain 1 -dimensional sheaves on P^. Then we relate 
the moduli space to modules over a certain non-commutative algebra and we show that already 
^o(P^;0,2) is reducible. 

5.1 Rank instantons 

Definition 5.1. A rank instanton E onF^ is a pure sheaf of dimension 1 such that//*^(P^,£'(— 2)) = 
Oand//i(p3,£(-2)) =0. 

The above definition is motivated by the following lemma: 

Lemma 5.2. If ^ is a rank perverse instanton then ^[1] is a sheaf object whose underlying 
sheaf is a rank instanton. On the other hand, ifE is a rank instanton then the object E[— I] 
in D^(P^) is a rank perverse instanton. 



24 



Proof. If ^ is a rank perverse instanton then only E = M' {'^) is non-zero and hence '^[1] is 
a sheaf object. Clearly, it has dimension < 1, since there exists a line / such that the support of E 
does not intersect /. Since 

HP{F\^®^^3{q))=HP-\¥\E{q)) 

we see the required vanishing of cohomology. To prove that E is pure of dimension 1 note that 
the torsion in E would give a section of H^{F^ ,E{—2)). This proves the first part of the lemma. 

Now assume that £■ is a rank instanton and set ^ = £[— !]■ Conditions 2 and 3 from 
Definition 12. 8 1 are trivially satisfied for ^. To check the condition 1 it is sufficient to prove that 
H^{¥^,E{q)) = for ^ < -2 and H^(F^,E{-2)) = for q > -2. By [lHL2l Lemma 1.1.12] 
there exists an ^(m) -regular section of ^p3(l) and it gives rise to the sequence 

E{m - 1) ^ E{m) ^E' ^0 

in which E' is some sheaf of dimension 0. Using such sequences and the definition of rank 
instanton it is easy to check the required vanishing of cohomology groups. □ 

By definition closed points of ^o{¥^;0,d) correspond to closed GL(c)-orbits of ADHM 
(0, c)-data for . By Theorem |2.9l and the above lemma there exists a bijection between isomor- 
phism classes of rank instantons E whose scheme-theoretical support is a curve od degree c not 
intersecting L and GL(c)-orbits of ADHM (0,c)-data for So ^o{¥^;0,d) can be thought of 
as the moduli space of some pure sheaves of dimension 1. Note however that this moduli space 
is only set-theoretical and it is not a coarse moduli space. 

In the characteristic zero case jl^^{0)/G is a subscheme of the quotient B/G, which is a 
normal variety. Moreover, the coordinate ring for the variety B/G can be described using the 
First Fundamental Theorem for Matrices (see HKPl 2.5, Theorem]). More precisely, if charfc = 
then 

k[B/G] = k[Bf = k[Tri^..j„ : 1 < /i, . . . < 4,m < c\ 
where Tr,j j^^j : B ~ End(V)^ kis the generalized trace defined by 

(Ai,A2,A3,A4) Tr(A/;A,2 . . .A,- J. 

This in principle allows us to find /l^^ (0)/G as the image of /i^^ (0) in 5/G. In practice, com- 
puter assisted computations using this interpretation almost never work due to complexity of the 
problem. 



5.2 Schemes of modules over an associative ring 

In this subsection we recall a construction of the moduli space of J-dimensional modules over 
an associative ring. It is mostly a folklore, but note that our moduli space is not the same as the 
one constructed by King in IIkH . We are interested in the moduli space that was introduced by 
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Procesi in [iPrll (see also HMol for a more functorial approach) but it is non-interesting from the 
point of view of finite dimensional (as A:-vector spaces) algebras. In our treatment we restrict to 
the simplest case although the constructions act in much more general set-up. 

Let k be an algebraically closed field and let i? be a finitely generated associative ^-algebra 
with unit. Let us fix a positive integer d. Let Mod^ denote the scheme of d -dimensional R- 
module structures. By definition it is the affine (algebraic) ^-scheme representing the functor 
from commutative ^-algebras (with unit) to the category of sets sending a fc-algebra A to 

Mod^(A) = {left 7? -module structures on A'^} = {A-algebra maps 7? (g);^^ — ^ Matjxd(^)}5 

where Matjxd(^) denotes the set of J x J-matrices with values in A. 

Let us choose a surjective homomorphism Tt : k{x\,. .. ,x„) R from the free associative 
algebra with unit. Then the above functor is naturally equivalent to the functor sending A to the 
set of n-tuples (Mi, . . . ,M„) of J x J-matrices with coefficients in A such that /(Mi, . . . ,M„) = 
for all / € ker;r. In particular, the ^-points of Mod^ correspond to 7?-module structures on k"^ 
(i.e., to J-dimensional 7?-modules with a choice of a ^-basis). 

We have a natural GL(<i) -action on Mod^ which corresponds to a change of bases (it gives 
the conjugation action on the set of matrices). By the GIT, there exists a uniform good quotient 
Qi = Modi /Gha. 

Let us recall that if 5 is a A;-scheme then a family of d -dimensional R-modules parameterized 
by S (or simply an S-family of R-modules) is a locally free coherent (^5-module ^ together with 
a A:-algebra homomorphism R — )■ End,^. 

Proposition 5.3. The quotient corepresents the moduli functor : Sch — t- Sets given 
by 

S — !■ {Isomorphism classes of S-families of R-modules} . 
We call it the moduli space of J-dimensional i?-modules. 

Proof of this proposition is completely standard and we leave it to the reader (cf. [|HL2[ 
Lemma 4.1.2] and [|Kil Proposition 5.2]) 

The quotient parameterizes closed GLj-orbits in Mod^. An orbit of a ^-point is closed 
if and only if it corresponds to a semisimple representation of R. Therefore the ^-points of 
Qi correspond to isomorphism classes of J-dimensional semisimple 7?-modules. Equivalently, 
Qi parameterizes S-equivalence classes of J-dimensional 7?-modules, where two modules are 
S-equivalent if the graded objects associated to their Jordan-Holder filtrations are isomorphic. 

Note that if R is commutative then is the moduli space of zero-dimensional coherent 
sheaves of length d onX = Spec 7?. Usually, the moduli spaces on non-projective varieties do 
not make sense but in case of zero-dimensional sheaves we can take any completion of X to a 
projective scheme X and consider the open subscheme of the moduli space of zero-dimensional 
coherent sheaves of length d on X, which parameterizes sheaves with support contained in Z. 

We will need the following proposition: 

Proposition 5.4. Let R be a commutative k-algebra and let X = Speci?. Then we have a 
canonical morphism f : S'^X — )■ Q^from the d-th symmetric power ofX, which is a bijection on 
the sets of closed points. Ifk is afield of characteristic zero then f is an isomorphism. 



26 



Proof. Let us consider the morphism 2^ x . . . x 2^ — 2^ from the d copies of Q\, given by 
taking a direct sum. Clearly, Q]^ = Speci? and the morphism factors through S'^A" as it is invari- 
ant with respect to the natural action of symmetric group exchanging components of the product. 
The induced morphism ^'^A" — t- Q'j^ is an isomorphism on the level of closed ^-points since a 
simple module over a commutative algebra is 1-dimensional (e.g., by Schur's lemma). 

The second part follows from IIHL21 Example 4.3.6] (note that the proof works also if the 
characteristic is sufficiently high) and the interpretation of 2^ that we gave above. □ 



Remark 5.5. We note in the next subsection that the scheme of pairs of commuting d x J-matrices 
is irreducible. But already the scheme of triples of commuting d x J-matrices (i.e., Mod^ for 
R = k[xi,X2,X2]) is reducible for d >30 (see [HO, Proposition 3.1]). Still the above proposition 
says that its quotient is irreducible if R is commutative and Spec 7? is irreducible. 

Example 5.6. Let us consider M^^^^ Let us set 



and 



1 W j3 ^2(^3-^4) \ ( I 



B2 



1 \ / yiiys-ye) W 1 
yi I )\Q ye J \ -yi 
One can easily check that the condition [81,82] = is satisfied. Therefore we can define the 
map Xif-.A^^ ^k[xi,x2] sending {y^ ... ,y^) to {81,82). By the previous remark MJ^^^^] 
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irreducible and one can check that the above defined map is dominant and generically finite. 
Let us recall that we have the map ri : = x — )■ 5^ A^ Qlt 1 ■ One can easily 

see that the image of a point (yi,...,y(,) E A^ in Q}, , coincides with the image under rj 

of the quadruple (^3,^4, J5, Je) ^ consisting of pairs of eigenvalues of matrices {81,82) = 

W{yu---,y6)- 



5.3 IModuli interpretation for instantons of rank 0. 

Let us first consider the ADHM data for a point for r = and some positive c > 0. The moment 
map 

^ : B = End(V) ©End(\/) ^ End(y) 

is in this case given by {81,82) — > [81,82], where as usual V is a ^-vector space of dimension 
c. In this case /i^^(O) is known as the variety of commuting matrices. It is known to be irre- 
ducible by classical results of Gerstenhaber [Ge] and Motzkin and Taussky [MTJ. This implies 
that the quotient /i^^ (0) / GL(y) is also irreducible. In fact, one can see from the definition that 
jU^^ (0)/GL(y) is isomorphic to the scheme 2^^^^ of equivalence classes of c-dimensional 

fc[.)Ci, jC2]-modules. Therefore by Proposition 15.41 the points of /i^^(0)/GL(y) are in bijection 
with the points of c-th symmetric power 5'^(A^) of A^ (this should be compared with UNal Propo- 
sition 2.10] which gives a different bijection). In characteristic zero we get that /i^^ (0) / GL(V) 
is isomorphic to 5^'A^. 
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Now let us consider ADHM data for P . Again it follows from the definitions that the quotient 
^o{F^;0,c) = /i^^(0)/GL(y) is isomorphic to the scheme 2^ of equivalence classes of c- 
dimensional i?-modules for a non-commutative fc-algebra 

R = k{yuy2,zuZ2)/{yiy2-y2yi,ZiZ2-Z2Zi,yiZ2-Z2yi +y2Zi -zm)- 
Let us define a two-sided ideal in R by 

1= {yiZ2-Z2yuyizi -z\y\,y2Z2-Z2y2)- 

It is easy to see that i?// ~ ^[y 1,^2,21,^2] so we have a surjection R ^ R' = 1,3^2, 21,22]- This 
induces a closed embedding of affine schemes 

Mod^, C Mod^ 

(see 0M<?1 Proposition 1.2]). Therefore we get a morphism 

Qr' ^ Qr. 

which is a set-theoretical injection of quotients. If k has characteristic zero then this morphism 
is a closed embedding. 

By Proposition 15 .41 we get the following induced affine map 

(p:5^-A4-^e^^^o(F3;0,c), 

which is a set-theoretical injection. 

Geometric interpretation of the map (p is the following. Note that parameterizes the lines 
in that do not intersect /.x,. Then for a point in S'-'A^, the image corresponds to the rank 
instanton E = (1) © ... © ^/^(l), where Zi, . . . ,Zf are the lines not intersecting Zoo. If all these 
lines are disjoint then the corresponding rank instanton E gives a point in the Hilbert scheme of 
curves of degree c and one can check that the corresponding component has dimension 4c. This 
suggest the following proposition: 

Proposition 5.7. The image of(p is an irreducible component of ^o(P^;Oj c) of dimension Ac. 

Proof Let Zi, . . . , Zc be disjoint lines not intersecting Zoo. Let £ = (1) © ... © ^/Jl) be the 
corresponding rank instanton E and let .x; G /l^^ (0) = Mod^ be an ADHM datum corresponding 
to E. Let X denote the i?-module corresponding to x. 

By Theorem 18. II there exists a surjective map r^Modi; — )• Extp3 (£■,£■) whose kernel is the 
tangent space of the orbit &{x) of x at x. The support of E does not intersect so we do 
not need to tensor by 7/^. Note that the theorem (and its proof) still works in our case but in the 
formulation given above: d^e is not injective. Let us also note that this fact, together with Voigt's 
theorem, shows that Ext^(X,X) ~ Extp3(£',£'). 

Lemma 5.8. Let I be any line in P-^. Then dimExtL((^/, ffi) = 4. 
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Proof. Using the short exact sequence 



we see that 'Exi^^i^h ^i) — Hom(7/, i^i). To compute this last group we can assume that / is 
given by equations X2= xt,= 0. Then we have a short exact sequence 

^ ^p3 (-2) ^""^^ Vp3 (- 1 )2 ^ 7/ ^ 
which gives an exact sequence 

^ Hom(7/, ffi) Hom(^p3(-l)^ ^/) ^Hom(^p3(-2), ^,). 

Since / is the zero map, we see that Hom(7/, ^i) ~ Hom(^p3(-l)^, ^i) ~ H°{^i{\))®^ is 4- 
dimensional. □ 

The above lemma implies that Extp3 (£■,£■) is 4c-dimensional. Since }iomR{X,X) is c- 
dimensional, the orbit ^{X) is of dimension — c. But then the dimension of Mod^ at X is 
at most — c + Ac = + 3c. Since the pre-image of the closed subscheme (p(5'^'A^) in Mod^ is 
of dimension at least Ac + {c^ — c) (as all the fibers of the restricted map contain closed orbits of 
dimension at least — c), we see that (p[S'^K^) is an irreducible component of ^q{¥^;Q, c) . □ 



Remark 5.9. One can easily see that dimExtp3(^/, iffi) =3. Therefore the instanton E from the 
above proof has dim Extp, (£■,£■) = 3c so it is potentially obstructed (cf. Theorem 1 8. II ). On the 
other hand, the above proof shows that the corresponding point in .Mq{¥^;0, c) is smooth. 



The following example shows that ^q(P^;0, c) need not be irreducible (unlike in the case of 
ADHM data for a point). But it is still possible that it is a connected locally complete intersection 
of dimension 4c. 

Example 5.10. Let us consider ADHM data on for r = and c = 2 in the characteristic zero 
case. In this case one can compute that /i^^ (0) has two irreducible and reduced components: X\ 
of dimension 1 1 andX2 of dimension 10 intersecting along an irreducible and reduced scheme of 
dimension 9 (to see this fact we first performed a computer assisted computation in Singular). 
We can explicitly describe these two components as follows. 

Let V\ and V2 denote varieties of pairs of commuting 2x2 matrices (see Example 15.61 ). Let 
us note that /i^^(O) is a subvariety inVi given by equation [B\\,B22\-\-[B\2,B2\] =0, where 
(5ii,52i) e Vi and (5i2,522) ^ ^2 are pairs of 2 x 2 matrices. 

Let us set 

1 / V jAk A -y^k 1 



B\k 
and 



B 



2k 



1 \ f ysk yikiysk-jbk) 
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As in Example 15 .61 the condition [5i^,52/t] = is satisfied for both k = \ and k = 2. 

Thus we can define a map i// from A^^ to the product Vi x V2 by sending (yij) to (5i 1 , B21 ,^12, ^22) 
defined above. Computations in Singular show that i//^^(/i^^(0)) has three irreducible com- 
ponents Fi , I25 ^3 given by the following ideals: 

^1 = ((j31 - 3^41 )(j52- 3^62) - (^51 -y6l)(j32 - J42)), 

h = {yn -yn.yii -yii) 

and 

^3 = {y2\y\2-yi\y\\ + 1,^21 +j22)- 

Further computations show that is 11 -dimensional and V^(l2) and 1/^(13) are equal and 

10-dimensional. This shows that the restriction i//|yj is a generically finite morphism from Y\ 
to the 11 -dimensional component Xi of /i^^(O). Similarly, i//|y2 and i/zlyj are generically finite 
morphisms from Y2 and Y-^ to the 10-dimensional component Z2. 

We have dominant morphisms Y\ X\/ GL(2) and Y2 X2/ GL(2). For a quadruple of 
matrices (511,5215^127^22) ^ ^2 obtained as the image of a point {yij) E Y2, the isotropy group 
of GL(2) contains matrices of the form 

(I V ^1 y2i{h-t2) \(\ \ 
Wii 1 ; V ^2 )\ -yn 1 J 

for arbitrary tij2 ^ ^m- One can see that Y2 is mapped dominantly onto the image of 5^A^ in 
p.^^{0) I GL(2) and therefore for a generic quadruple (5ii, 521,-612,522) G X2 the isotropy group 
is 2-dimensional and it is equal to the above described group (one can also compute this isotropy 
group explicitly for all such quadruples). 

One can also check that the isotropy group of a generic point in X\ is 1 -dimensional (so the 
corresponding i?-module is simple) and therefore /i^^(O)/ GL(2) is pure of dimension 8 with 
irreducible components given by X\l GL(2) and X2I GL(2). 

This also proves that the injection 9 : 5^A^ — )■ /i^^ (0) / GL(2) maps 5^A^ onto an irreducible 
component of the quotient /i^^ (0) / GL(2) . 

Now we need to check that the components X\l GL(2) and X2I GL(2) do not coincide. For 
this we need the following lemma: 

Lemma 5.11. Let G be a linear algebraic group acting on a reducible variety X with two irre- 
ducible components Xi andX2. Then X\/Gr\X2/G= {X\ r\X2)/G. 

Proof. First observe that since G is irreducible, the closure of an orbit of a point x EX h con- 
tained in the same irreducible component as x. The intersection X\ ("1X2 is closed and G-invariant 
so {X\ n X2) I G can be regarded as subvariety in Xi /G fl X2/G. 

Let us take y E X\/GnX2/G E X /G. By assumption it is the image of a closed orbit of a 
point X EX. We claim that x EX\r\X2. Note that y is the image of some points x\ eX\,X2 EX2. 
Since each Gxi C Xi for i = 1,2 contains a unique closed orbit, it must be the orbit of x and it is 
contained in Xi fl X2. Therefore y lies in (Xi fl X2) /G. □ 
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The image of a quadruple (5ii,52i,5i2,-B22) GX2inthe image of 5^A^ in /i^^(0)/GL(2) is 
given by quadruples of pairs of eigenvalues of matrices Btj. But for a quadruple of 2 x 2 matrices 
(5ii,52i,5i2,522) G Xl nX2 obtained as the image of (yij) G fl 72 we have the equation 

{ySl -y4l)(j52-j62) = (^51 -j6l)(B2-y42) 

for the eigenvalues. Therefore the image of Yi fl Y2 in jl^^{0) / GL(2) has dimension 7. Together 
with the above lemma this proves the following corollary: 

Corollary 5.12. ^q(F^;0j2) has two '^-dimensional irreducible components intersecting 
along a 1 -dimensional variety. 

6 Examples and counterexamples 

In this section we consider generalized ADHM data in the case X = P^. We provide a few 
examples showing, e.g., a relation between our notion of stability and that of Frenkel and Jardim. 
We also show a few counterexamples to some expectations of Frnekel and Jardim. 
In this section we keep notation from Section [L4l 

6.1 Relation between GIT semistability and FJ-semistability 

The following lemma follows immediately from definitions: 

Lemma 6.1. Let us fix an ADHM datum x G B = B ® ( i^pi ( 1 ) ). Ifxis FJ-semistable then it 
is also stable. 

Jardim in ||Jal Proposition 4] claims that the opposite implication also holds but the following 
example shows that this assertion is false. 

Example 6.2. We consider ADHM data in case r = 1 and c = 2. Let us fix coordinate systems in 
V and W and consider an element x= (5i , 52, «, j) G B given by 



5, 



Xq Xq 
Xl Xl 



Xq -Xq 
Xl —Xl 



Xq 
Xl 



and j = [ —2xi 2xq ] 



It is easy to see that jl{x) = 0. Hence x is an ADHM datum. 

We claim that this ADHM datum is stable and costable. To prove that consider a vector 
subspace S CV such that imz C 5 (8)//*^(^x(l))- We claim that S must be two-dimensional. 
Otherwise, there exist constants a,b Ek such that every 

element in 5® //^(^x(l)) 

can be written 



as 



af{xo,xi] 
bf{xQ,xi] 



for some linear polynomial / in xq and xi . But 



Xq 
Xl 



G im i cannot be written 



in this way. Therefore S = V , which proves that the ADHM datum x is stable. Since ker j = 0, 
the ADHM datum x is also costable. 
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Now fix a point p = [a : b] and consider the subspace S CV = spanned by vector 

f . Then 
b 

iBiip)){s) = {a + b)-s, {Hp)){s) = {a-b)-s, {i{p)){\) = s and (/(;,))(.)= 0. 

Therefore {x{p)){S) C S and x restricted to any point of is neither stable nor costable. In 
particular, the ADHM datum x is regular but not FJ-semistable. 

Let us focus on the example given above and study cohomology groups of the complex 'lo* 
corresponding to the ADHM datum x. 

First let us describe the locus of points p = [^05-^17-^25-^3] ^ where the map a{p) is not 
injective. It is equivalent to describing the locus 

/ X0+X2 xq \ 

Xl X\ +X2 
rk Xq +X2 —Xq < 1. 

Xi — 

\ -2x1 2^0 / 
Easy computations show that this set is an intersection of two planes: 



Xo+Xi +X2 
XQ-Xi +X3 








Similarly, the locus of points p G where 



-X0-X3 Xq X0+X2 Xq Xq 
—Xl Xi—Xj, Xl X1+X2 Xl 

is not surjective is the line given by equations X2=X3 = 0. 

Using this one can see that i^*) ^ P"^^ sheaf of dimension 1 and is a torsion 

free sheaf whose reflexivization is locally free. 



6.2 Relation to Diaconescu's approach to ADHM data 

We will use notation from DDi] Section 2] (see also flSchi 2.9.2]). Let us set ^ = {X,Mi = 
^x{-'^),M2 = ^jf (-l),£'oo = W® ^x(-l)) and consider an ADHM sheaf ,^ = {E = V ® 
<^X5 ^i5 ^25 <P5 V^) for this data. 

Definition 6.3. We say that S' is stable if for every subspace S CV (possibly 5 = 0) such that 

^kiS (S) ^x{-i)) c5®^A:forfc= 1,2 we have im^ ^ ^x- 

The above stability notion is similar to Diaconescu's stability [jDil Definition 2.2] but with 
stability condition only for subsheaves E' of the form S® i)'x for some C S C y . 

Let 5^ : y ^ y (dH^{ffx{l)) be induced by and let ~i:W ^ V®H^{ffx{l)) and ] -.V ^ 
W (8)//'^((^x(l)) be induced by i// and 9, respectively. 

Then giving S is equivalent to giving a point x= {81,82,1, j) G B such that /i {x) = 0. More- 
over, tS' is stable in the above sense if and only if x is stable. 
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6.3 Counterexample to the Frenkel-Jardim conjecture 

In llFJl Frenkel and Jardim conjectured that the moduli space (P-^;r, c) of framed instantons 
is smooth and irreducible. Here we show that this conjecture is false. 
Let us consider the map 9 : G^-^ — )■ i^p3(l) given by 

( X2 \ 

9 = X2 XT, . 
V X2 ^3 / 

Now let us consider the sheaf E defined by the short exact sequence 

where m is the line = = and is the composition the natural restriction map i^p3(l)^ — )■ 
^,^(1) with 9. It is easy to see that £ is a (4, 3)-instanton, trivial on the line /oo := {x2 = JC3 = 0). 
From the defining sequence we have an exact sequence 

Ext2(^4^,£) -^Ext2(£,£) ^Ext3(^,„(l)3,£) ^Ext3(^4^,£). 

Then Ext' ( , = (£)4 = for Z = 2, 3 and Ext^ ( ( 1 ) 3 , is Serre dual to Hom(£, -3) 3) . 
But after restricting to m we have 

EU^ ^^(-3) ^ &l ^ ^,„(1)3 ^ 0, 

and it is easy to see that Hom(£', 3)) is 1 -dimensional. In particular, dim Ext^ (£■,£■) = 3. 

On the other hand, by Lemma [L8] there exists a locally free (4, 3)-instanton F such that 
Ext^(F,F) = 0. It corresponds to a smooth point of an irreducible component of expected di- 
mension (see Theorem 18.11) . Therefore the point corresponding to E in the moduli space of 
framed instantons is either singular or lives in a component of unexpected dimension (in which 
case the moduli space would not be irreducible). 

Another way of looking at this example is defining an ADHM datum for , for r = 4, c = 3. 
We define an ADHM datum x= {81,82,!, J) by setting Bi = 0, ^2 = 0, / = and 

(xq xi \ 
xq xi . 
Xq xi J 

It is easy to see that these matrices satisfy the ADHM equations and define an FJ-stable ADHM 
datum (in fact, ip is surjective for every p E P^). The corresponding torsion-free framed (4,3)- 
instanton E can be described by the above sequence. In terms of ADHM data we proved that the 
moment map ji is not submersion at x (see Theorem 18. II) but there exist ADHM data at which ji 
is a submersion. 

More generally, one can easily see that if c < r < 3c/2 then M{l^;r, c) is either singular or 
reducible. Indeed, one can find an FJ-stable complex ADHM data .x; G B for which only / is 
non-zero. Then the rank of d^x is at most 2cr < 3c^, so djlx is not surjective. On the other hand, 
by Lemma 11.81 there exists an irreducible component of expected dimension which proves our 
claim. 
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6.4 Weak instantons 

Definition 6.4. A weakly instanton sheaf (or a weak instanton) is a torsion free sheaf E on 
such that 

• ci{E)=0, 

• H^{E{-1)) = H^{E{-2)) = H\E{-3)) =0. 

Weak instantons were introduced by Frenkel and Jardim (see (FT, 2.4]) to deal with FJ- 
semistable data in the rank 1 case. 

We say that a torsion free sheaf on P-^ has trivial splitting type if there exists a line such that 
the restriction of this sheaf to a line is a trivial sheaf. In this case the restriction to a general line 
is also a trivial sheaf. 

Lemma 6.5. Let E be a locally free sheaf on P^ of trivial splitting type. Then H^{E{—1)) = 
H^{E{-3)) = 0. In particular, ifH^(E{-2)) = then E is a weak instanton. 

Proof. If E is of trivial splitting type then both £'(—1) and £■*(— 1) have no sections. Since 
H^{E{—3)) is Serre dual to //^(£'*( — 1)) this shows the first part. The second one follows from 
the first one by noting that for a sheaf of trivial splitting type we have ci (E) =0. □ 

Definition 6.6. We say that a perverse instanton ^ is mini-perverse if J^^{'t^) is torsion free and 
J^f^ (^) is a sheaf of finite length. 

Obviously, any instanton is mini-perverse, but the opposite implication does not hold. 

Lemma 6.7. An ADHM datum x is FJ-semistable if and only if the corresponding perverse 
instanton is mini-perverse. 

Proof. The "if" implication is a content of [iFJl Proposition 17]. To prove the converse note that 
the restriction of a mini-perverse instanton corresponding to A G B to a general hyperplane 
containing l^ gives a locally free sheaf on P^. But this shows that for a general point x^V^ the 
ADHM datum A(x) (corresponding to this restriction) is regular. □ 

Note that in Example 16.21 the constructed perverse instanton is not mini-perverse. So the 
above lemma gives another proof that this perverse instanton is not FJ-semistable. 

Lemma 6.8. If^ is a mini-perverse instanton then ^*^(^) is a weak instanton of trivial split- 
ting type. 

Proof. Let us set E = J^^{^) and T = J^^(^). If ^ is a perverse instanton then we have the 
distinguished triangle 

£ ->^->r[-i] ->£[i]. 

The long cohomology exact sequence for this triangle gives exactness of the following sequence: 

= //0(<^(-2)) ^ H\T{-2)) H\E{-2)) H\^{-2)) = 0. 

Since T has dimension zero we see that -2)) = and so £■ is a weak instanton. The fact 
that it is of trivial splitting type follows from the fact that J^^{'io) is trivial on Zoo. □ 
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Lemma 6.9. A zero dimensional coherent sheaf E on a smooth variety X has homological di- 
mension equal to the dimension ofX. 

Proof. By the Auslander-Buchsbaum theorem it is sufficient to prove that Ex = E ® Gx,x has 
depth zero. Assume that it has depth at least 1. Then there exists an element y ^m^C Gx^ 
such that multiplication by y defines an injective homomorphism (py : E^ ^ Ex. Note that cpy 
is an isomorphism since E^ is zero dimensional and H^{(py) is an isomorphism as it is a linear 
injection of ^-vector spaces of the same dimension. But this implies that m^E^ = E^ which 
contradicts Nakayama's lemma. □ 

Lemma 6.10. If a locally free sheaf E appears as for some mini-perverse instanton ^ 

then M'^ (^) = 0. In particular, E is an instanton. 

Proof. By Lemma 12.151 '^ is isomorphic in D*(P^) to the complex 

(o^^p3(-ir^^jr-^^p3(ir^o). 

Set T — ^ ('^). We have a short exact sequence 

0^ ^p3(-l)'~ima ^ker/3 ^£ ^0 

which, together with our assumption on £, implies that ker/3 is locally free. On the other hand, 
we have an exact sequence 

^ ker/3 ^ G'^-,^' ^p3(l)^ ^ T ^ 0, 

which implies that the homological dimension of T is at most two. 

But if r 7^ then Lemma [6^ implies that the homological dimension of T is equal to 3, a 
contradiction. □ 



Example 6. 11. In [iFJl 2.4] Frenkel and Jardim ask if every weak instanton of trivial splitting type 
come from some FJ-semistable ADHM datum. In view of Lemma [677] this would imply that such 
an instanton is of the form ^(^) for some mini-perverse instanton . Here we give a negative 
answer to this question. Note that if the answer were positive then by Lemma [6.101 everv locally 
free weak instanton of trivial splitting type would be an instanton. So it is sufficient to show a 
weakly instanton sheaf which is locally free of trivial splitting type but which is not an instanton. 

We use [Co, Example 1.6] to show a rank 3 locally free sheaf E on which is trivial on 
a general line and has vanishing H^{E{—2)) and it does not appear as J^^('^^) for some mini- 
perverse instanton (there are no such sheaves in the rank 2 case). This gives a negative answer to 
the question posed in [[HI 2.4]. 

Let q > I and C2 > 2q be integers. Let Zi and Z2 be plane curves of degree C2 — q and q 
contained in different planes. Assume that they intersect in < 5 < ^ simple points and set 
Z = Zi U Z2. Then there exists a rank 3 vector bundle E which sits in a short exact sequence 

O^&L^E^Iz^ 0. 
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Then E is trivial along any line disjoint with Z. 
Using the short exact sequence 

^ /z ^ ^p3 ^ ^ 

we see that H^{Iz{-2)) = 0. Therefore H\E{-2)) = 0. Obviously, //°(£(-l)) = 0. Since E 
is locally free, the Serre duality implies that H^{E{—3)) is dual to H^{E*{ — 1)). But E is slope 
semistable and hence E*{—1) has no sections. Thus £ is a weak instanton of trivial splitting 
type. 

On the other hand, H^{E{—2)) has dimension xiE{—2)) as all the other cohomology of 
E ( —2) vanish. But the Riemann-Roch theorem implies that x {E ( —2) ) = jc^, =s + q'^ + ^02(02 — 
2(5r + 1), so £■ is not an instanton. 

6.5 Perverse instantons of charge 1 

In [IFJII the moduli spaces of framed torsion free instantons with c = 1 and r > 2 were described 
quite explicitly. Let us recall that such instantons come from FJ-stable ADHM datum. We can 
generalize this description to the case of stable ADHM datum. For c = 1 general ADHM datum 
consists of complex numbers Bu^ and ij^, ji^ which can be regarded as vectors in W. The ADHM 
equation reduce to 

ij = 0. (10) 

Stability is equivalent to ?' 7^ and costability to j 7^ 0. The group Gh{V) is just G,„ and t E G,„ 
acts trivially on B^, it acts on by multiplication by t and on by multiplication by t^^. The 
moduli of perverse instantons for fixed r > 1 and c = 1 is isomorphic to x ^(r) where e^(r) 
is the set of solutions of equation (flOl) modulo the action of Gm- Note however, that there exist 
stable ADHM data also for r = 1 whereas there are no FJ-stable ones (see [FJl, Propositions 4 
and 15]). 

Proposition 6.12. For r>2 ^{r) is a quasi projective variety of dimension 4(r— 1) and 

=^^(l) ~pi. 

Proof. We follow the proof of Proposition 7 in [El- Let 
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Then equation (fTOl) reduces to 

r r r 

Y^XkZk=Y^ykWk=Y^XkWk + ykZk^'^- (11) 

k=\ k=l k=l 
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Such an ADHM datum is stable if and only if ?'i or (2 is not a zero vector. One can also easily 
show that FJ-stability is equivalent to the vectors ?'i and 12 being linearly independent. =^(r) is the 
complete intersection of the three quadrics ([TT]) in the open subset of the (4r— 1) -dimensional 
weighted projective space 

X^P(1,..., 1^, -1, ■ ■ ■,-1; 

2r 2r 

This shows that ^{r) is quasi-projective. 

Remark 6.13. A point in the complete intersection of the quadrics (fTTI) in X corresponds to an 
ADHM datum which is either stable or costable. 

Let us consider the map 

ju : A^'- ^ 

given by 

ll{xu...,Xr,yu...,yr,ZU...,Zr,Wi,...,W,-) = ^kZk. Hyk'^k. H ^kWk +ykZk 



The derivative of ji is given by 
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Frankel and Jardim claimed that for r > 2 the matrix Dfi has maximal rank 3 if and only if 
(xi, . . .,Xr) and (ji, . . . are linearly independent. However, only the implication "<^=" is true 
and their result on non- singularity at points corresponding to FJ-stable ADHM data remains 
correct. It also follows that dim^(r) = 4r — 4. In characteristic different from 2, setting xi = 
Z2 = ^2 = I, yi = 2 and all other coefficients equal gives an example of stable ADHM datum 
which is not FJ-stable but it corresponds to a nonsingular point in the moduli space of perverse 
instantons. On the other hand, if z'l and 12 are linearly dependent and ji = j2 = then Djj. has 
clearly rank 2. This shows a stable ADHM datum which is neither costable nor FJ-stable but it 
gives a singular point. 

In the case r = 1, equations (fTTI) reduce to / = or j = 0. Stability is equivalent to / 7^ so 
D/i has rank 2 for all stable ADHM datum. Clearly, we have =^(1) ~ 

□ 



7 A general study of ADHM data for 

In this section we introduce a hypersymplectic reduction which is a holomorphic analogue of 
a hyper-Kahler structure. We also relate the moduli space of framed instantons to the moduli 
space of framed modules of Huybrechts and Lehn. The relation is not as straightforward as in 
the surface case since many framed instantons are not Gieseker 5-semistable framed modules on 
P^ for all parameters 5. The relation shows existence of the moduli space of framed instantons 
without Theorem 14. 2[ 
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7.1 Hypersymplectic reduction 

Let X be a a smooth quasi-projective A^- variety. As an analogue of a hyper-Kahler structure we 
introduce the following: 

Definition 7.1. We say that X has a hypersymplectic structure if there exist a non-degenerate 
symmetric form g on TX and maps of vector bundles I,J,K : TX — > TX such that 

1. g{Iv,Iw) = g{Jv,Jw) = g{Kv,Kw) = g(v, w), 

2. f=J^ = K^ = IJK=-l. 

If we have a hypersymplectic manifold then we can define non-degenerate symplectic forms 
(Oi,(»2,C!>3 on X by (Oi(v,w) = g{Iv,w), 0)2 (v,w) = g{Jv,w) and 0)3 (v,w) = g{Kv,w). Assume 
that there exists a reductive ^-group G acting on X and preserving g,I,J,K. As an analogue of a 
hyper-Kahler moment map we have the following: 

Definition 7.2. A map jU = (jUi , jU2, JU3) :X ^ P ^q* is called a hypersymplectic moment map 
if it satisfies the following properties: 

1 . Hi is G-equivariant for / = 1,2,3, 

2. {djli^jciv),^) = W/(<^x,v) for /= 1,2,3 and for anyxeX,ve T^X and G 0. 

Let Vx be the image of the tangent map (at the unit) to the orbit map (px'-G^X sending g to 
g-x. 

Proposition 7.3. Let us take a point x e X. Then the following conditions are equivalent: 

1. djix is surjective. 

2. d<Px is an injection and S = IVx + JVx + KVx is a direct sum. 

3. The map Q®Q®Q^TxX given by {^1,^2,^3) {I^l,x,J^2,x,K^3,x) is injective. 
Proof. Since 

{d^xivU) = {g{I^,v),g{J^x,v),g{K^,v)), 

the kernel of diix is equal to the orthogonal complement S-^ of S (with respect to g). Since g is 
non-degenerate we have 

dim S + dim = dimX . 

Hence dilx is surjective if and only if dimS = 3dim0. This is clearly equivalent to saying that 
d(Px is injective (i.e., dimV;^ = dimg) and IVx + JVx + KVx is a direct sum. Equivalence with the 
last condition is clear. □ 

Proposition 7.4. Let rj = (171,772,773) G g* ©g* ©g* satisfy Ad*(77,) = 77, /or all g e G. If 
X e jU~^ (77) and g\v^ is non-degenerate then djlx is surjective. 
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Proof. By assumption /i sends a G-orbit of x into a point. Hence dilxiVx) = 0. This imme- 
diately implies that VxiIVx^JVx^KVx are orthogonal to each other (with respect to g). But then 
the assertion follows from the above proposition. Indeed, if there exists (i^i, (^2, <^3) such that 
I^i,x + J^2,x + K^3,x = 0theng{^i^x:Cx) = g{I^Lx + J^2,x + K^3,xJCx) =Oforsiny C G 0. There- 
fore ^i^x = and similarly ^2,x = ^3,x = 0. □ 

Note that it can easily happen that the form g restricted to Vx + S is zero and djlxiS) = 
although djlx is surjective (this happens, e.g., in Example [63l) . 

7.2 Hypersymplectic moment map for ADHM data on P^. 

In this subsection we assume that the characteristic of the base field is zero. 

Let us fix a basis jcq , JCi of i/^ (P\ ^pi ( 1 ) ) . Then a point x G B = B O i^^ (P\ ^pi ( 1 ) ) can be 
thought of as a matrix 

^_ / ^11 B12 ii ji \ 
V B21 B22 12 h ) ' 

where {Bii,Bi2Ji, ji) G B for / = 1,2 is written as in case of the usual ADHM data. Using this 
notation we define a symmetric form g on TB by 

g{x,x) = Tr(5i i522 + 522^1 1 - B2iB[2 -B12B21 + iii'2 + hh - h]\ - 4 Ji ) • 
Let us choose a standard quaternion basis: 

Then I, J, K can be thought of as operators acting on TB. Let us write jl : B ®//*^(P\ ^pi (1)) — )■ 
EndV(g)//''(P\ ^pi(2)) as the sum /ii^Q + /i2Xo^i + IJ-3xj in which /i/ : B -> EndV for / = 1,2,3 
are the corresponding components. Let us set jl\{x) = ^/^|J.2{x), p-ii^) = IJ-\{x) + Il3{x) and 

AsW = v^(-MiW+i"3W)- 

By a straightforward computation we get the following proposition: 

Proposition 7.5. {g, /, 7, K) define a hypersymplectic structure on B. Moreover, p. = {jli , /i2, /is) : 
B ^ ®Q* is a hypersymplectic moment map. 

This, together with Proposition 17. 3[ implies the following corollary which can be used for 
checking smoothness of the moduli space of framed perverse instantons: 

Corollary 7.6. Letx eB be a stable ADHM datum. Then djlx is surjective if and only if there 
exist no {£,1,^2,^3) G 5 ©5 ©g — {(0,0,0)} such that 

^l,x + I^2,x+J^3,x = 0. 
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7.3 Relation to moduli spaces of framed modules 

Let Z be a smooth n-dimensional projective variety defined over an algebraically closed field k. 
Let us fix an ample line bundle 1) and a coherent sheaf F on X. Let us also fix a polynomial 
5 G Q[?] of degree < (n — 1). When writing 5 as 

[n—\)\ {n — 2)\ 

we will assume that the first non-zero coefficient is positive. 

Let us recall a few definitions from UHLIL A framed module is a pair (E,a), where £ is a 
coherent sheaf and a :£■—)• F is a homomorphism. Let us set e(a) = if a = and e(a) = 1 if 
a 7^ 0. Then we define the Hilbert polynomial of (£, a) as P{E, a) = P{E) —e{a) ■ 5.1iE has 
positive rank then we also define the slope of (£, a) as oc) = (deg(£') — £(a)5i) • rkE. 

Definition 7.7. A framed module (£, a) is called Gieseker 5-(semi)stable if for all framed sub- 
modules C (F,a) we have rk£ ■/'(£', a') (<)rkF' •/'(£,«). 

If E is torsion free than we say that [E, a) is slope 5\-(semi)stable if for all framed submod- 
ules C (F,a) ofrankO<rk£' <rk£ we have n{E',a'){<)ii{E,a). 

Let us assume that F is a torsion free sheaf on a divisor D cX. In the following we identify 
F with its push forward to X. 

Lemma 7.8. Let E be a slope semistable torsion free sheaf on X and let E\[) c:^ F be a framing. 
Then the corresponding framed module (F, a), where a : E ^ E\o ~ F, is slope 8\-stable for 
any small positive constant 8\. In particular, (F, a) is Gieseker d-stable for all polynomials 5 
of degree n — \ with a small positive leading coefficient. 

Proof. Note that kera = E{—D). Let E' C E he a subsheaf of rank / < r = rkE. If E' C kera 
then 

M(F', a') = ii{E') < ^{E)-Dci{MW' < KE) - 5i = ^{E, a). 
If E' ^ kera then 

ju(F', a') = ii{E') - ^ < ^(F) - ^ < ^[E) - ^ = ju(F, a), 
r r r 

which proves the lemma. □ 

Now UHLll Theorem 0.1], together with appropriate modifications in positive characteristic 
(see ULalll for the details) imply the following corollary: 

Corollary 7.9. There exists a quasi-projective scheme M{X;D,F,P) which represents the 
moduli functor ^{X;D,F,P) : Sch /k — )■ Sets, which to a k-scheme of finite type S associates 
the set of isomorphism classes of S -flat families of pairs {E,E\o — F), where E is a slope 
semistable torsion free sheaf on X with flxed Hilbert polynomial P. It can be constructed 
as an open subscheme of the projective moduli scheme of Gieseker d-stable framed modules 
M^g{X;D,F,P) = Mg{X;D,F,P) for any polynomial 5 of degree n — l with a small positive 
leading coefficient. 
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Let X be a surface and let F be a semistable locally free sheaf on a smooth irreducible 
curve D C X. Assume that D is numerically proportional to the polarization ci{^x{^))- Then 
any torsion free sheaf E onX for which there exists a framing E\d — F is automatically slope 
semistable. So in this case we have a quasi-projective moduli space for torsion free sheaves with 
framing without any need to introduce the stability condition. 

This in particular implies that the moduli spaces of torsion free sheaves E on with fixed 
rank r, second Chern class and framing E ~ ^[ at the fixed line loo can be considered as an open 
subscheme of the moduli space of framed modules of UHLII and it is a fine moduli space for the 
corresponding moduli functor (cf. [Na, Remark 2.2]). 

However, the situation becomes more subtle if we want to consider moduli spaces of (r^c)- 
instantons E on with framing E ~ at the fixed line C P^: 

Proposition 7.10. Let E be an [r— \,c)-instanton on P^ and let E\i^ ~ be a framing of 
E = E® i^p3. Ifc = C2{E) > r{r — 1) then E is an (r, c)-instanton but the corresponding framed 
module (£, a) is not Gieseker d -semistable for any positive polynomial 5. 

Proof Assume (£, a) is Gieseker 5-semistable for some positive polynomial 5. Then the stabil- 
ity condition for = Ii^E C E gives ^ < i.e., 5 < P{E)-P{E') = rP{^iJ. Hence 

5{m) < r{m+ 1) 

for large m. On the other hand, we have /'((^ps) — d < ^^^j^^ , which translates into 

c(m + 2) 
o{m) > J — . 

Hence c < r(r — 1). □ 

Below we show that the moduli space of framed instantons on P-' can be constructed as an 
open subscheme of the moduli space of framed modules but on a different variety. Before giving 
a precise formulation of this result let us introduce some notation. 

Let A ^ P^ be the pencil of hyperplanes passing through Zoo = {xq = xi = 0} in P^. The 
coordinates of this P^ are denoted by jo, Ji- LetX = {{H,x) : x E H} c P^ x P^ be the incidence 
variety. It is defined by the equation yiXQ = yoxi. Let p and q denote the corresponding pro- 
jections of X onto A and P^. We will write ^x{ci,b) for p*^pi(a) (?*^p3(Z?). The projection 
^ : X — i- P-^ is the blow up of P'^ along the line Zoo. The exceptional divisor of q will be denoted 
by D. It is easy to see that ^x{D) ~ ^p3( — 1, 1). Note that X is equal to the projectivization of 
= ^pi © ^pi (1) on pi. The relative ^p(A,)(l) for this projectivization is equal to ^*^p3(l). 
We will denote this line bundle by ( 1 ) • 

Theorem 7.11. There exists a quasi-projective scheme (P^;r,c) which represents the mod- 
uli functor ^■^(P^;r, c) : Sch/fc — )• Sets given by 

^ Isomorphism classes of S-fiat families 
\ of framed (r, c)-instantons E on F^. 

It is isomorphic to M{X;D, ff^.P) for a suitably chosen Hilbert polynomial P and an arbitrary 
polarization. 
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Proof. Let E be an instanton on P-^. 

Lemma 7.12. q*E is slope H-semistablefor any ample line bundle H on X. 

Proof. Let us set = ci(^x(l))- It is easy to see that q*E is slope i^-semistable as otherwise the 
push forward of the destabilizing subsheaf would destabilize E = q^{q*E) (see Lemma [L6l) . 

Moreover, the restriction of q*E to a general fibre of p is isomorphic to the restriction of E to 
a hyperplane in containing /, which is clearly semistable. So q*E is slope /i^-semistable (i.e., 
slope in the semistability condition is computed as ci ■ /i^ /rk). 

The nef cone of X is generated by divisors ^ and / = p*ci(^pi (1)). So we can write H = 
at, + bf for some positive numbers a and b. Then fl^ — a^^^ + lab ft, , so slope //-semistability 
of q*E follows from the above. □ 

In the proof we also need a generalization of Ishimura's generalization [Is!, Theorem 1] of 
Schwarzenberger's theorem. For a moment let us switch to a different notation: 

Let X and Y cX he, smooth varieties and let S be an arbitrary noetherian ^-scheme. Let 
k:X ^Xhe, the blow up of X along Y . Let E be the exceptional divisor and leiTt = Tt\E '■ E ^Y . 
Let us set % = ;r X Id5 : X X 5 — )• X X 5 etc. 

Theorem 7.13. (cf. [Is. Theorem 1]) Let ^ be a coherent sheaf on X x S such that ^\e^s — 
ft* for some locally free sheaf on Y x S. Then the coherent sheaf S = 7ts*<^ is locally free 
in an open neighborhood ofYxS and the natural map ;r|^ — )■ ^ is an isomorphism. 

Proof. The theorem can be proven in exactly the same way as [Is, Theorem 1] using the fact that 
cohomology commutes with flat base extension. □ 

Coming back to the proof of the theorem we will show that the functor ^(/;r, c) is repre- 
sented by the quasi-projective moduli scheme M{X;D, ^q^P) (for a suitably chosen P and an 
arbitrary fixed polarization). 

First let us note that by Lemma [7.121 there exists a natural transformation of functors 

4) : ^■^(P3;r,c) -> ^1),/') 

given by sending a flat 5-family {Es^E\ly^s — ^ixs) framed (r,c)-instantons to the family 
{q*gEs,q*gEs\DxS — ^dxs)- show the above claim it is sufficient to prove that the transforma- 
tion 4» is an isomorphism of functors. First note that 

qs*q}Es c:^Es(^qs*<ffxxS- Es, 

where the first isomorphism comes from the projection formula (note that Es is locally free 
around / x 5) and the second isomorphism follows since push-forward commutes with flat base 
extension. Similarly, we have 

R^qsMEsi-D X 5)) ~ Es®R\s.^xxs{-D x 5) = 0, 

so qs*{(tsEs\Dxs) — Es\ixS and the push-forward of q*sEs\DxS — ^dxS gives an isomorphism 

Es\ixs-^I^s- 
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Hence Theorem 17 . 1 3 1 implies that the natural transformation 

given by sending a flat 5-family {Fs,F\dxS - ^hxs) the family {qs*Fs, {qs*Fs)\ixs - ^us) 
is inverse to □ 

8 Deformation theory and smoothness of moduH spaces of in- 
stantons 

In this section we give a very quick review of deformation theory for framed perverse instantons. 
We sketch only a quite simple fact from deformation theory used a few times throughout the 
paper without going into long technical results showing, e.g., virtual smoothness of the moduli 
space of stable perverse instantons. 

Then we show that if E\ and E2 are locally free instantons then Ext^(£'i,£'2) vanishes for 
low ranks and second Chern classes. This implies that the moduli space of locally free instantons 
embeds as a Lagrangian submanifold into the moduli space of sheaves on a quartic. It also proves 
that the moduli space of framed locally free (r, c) -instantons is smooth for low values of r and c. 

8.1 Deformation theory for framed perverse instantons 

Let (^,4>) be a stable framed perverse instanton corresponding to an ADHM datum x G B. Let 

9 : G — > B be the orbit map sending g to gx. 

Theorem 8.1. Let us consider the complex K 

^ K° = g^K^ =T^B^K^ = ro(End(y) ®//0(^p, (2))) ^ 

Then H' {K) = Ofor ii^ 1,2, H\K)= Ext^ 7/^ ® ^) and (K) = Ext^ ^) . In particular, 
//'Ext^(^,^) = then the moduli space ^{¥^;r,c) is smooth of dimension Acr at [(^,4>)]. 

Proof. We know that ^ is quasi-isomorphic to the following complex 

where dimV = c and dimly = r + 2c (more precisely W — V (BV (B W) and a, /3 are defined by 
the ADHM datum x as in 11.41 Let us consider the complex ^ — J^om*{^,Ji^ ® ^). Then we 
see that 

Ext'(^, Ji^ ® = e'(p3, ^) , 

where EI'(X, ^) denotes the ith hypercohomology group of the complex ^. Let us consider a 
spectral sequence 
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Using this spectral sequence we see that we have a complex 

^ L° = //2(P^ &-^) %L} = //°(p3, = H^{F^, ^ 

such that // 1 (L) =tf(p3,^) andH^{L) ^B^{F^,^). Wehave = llom{V,V)®H^{¥^ ,Ji^{-2)), 

= (Hom(W,y) ©Hom(V,V7)) ® H^{F^ Jijl)) and = Hom(y,y) (g)H^{F^Ji^{2)). Note 
that //^(P^, 7/^ (—2)) ^ but //'^(P-^, 7/^(2)) ~ A:^, so this is not yet the complex we were looking 
for. However, if we write down everything in coordinates we see that is an isomorphism on 
Hom(y, y) ® k'^ and after splitting off the corresponding factors from and we get exactly 
complex K. Obviously, we need to write down everything in coordinates to check that the ob- 
tained maps are essentially the same. We leave the details to the reader. Now the theorem follows 
from the following lemma: 

Lemma 8.2. Let ^ be a framed perverse {r,c)-instanton on P^. Then 

Ext2(^,^) =Ext2(^,7/^®<^). 
Proof. We have a distinguished triangle 

® ^ -> ® ^ ® ^[1] • 

This triangle gives 

Ext^C^,^®^/^) ^Ext2(<^,7/„(g)^) ^Ext2(^,^) -^Ext^C^,^®^/^). 

But Ext' ^ (g) ) = /z' ( ^[^^ ) = for / = 1 , 2, so we get the required equality. □ 
This finishes proof of Theorem 1 8. II □ 

Remark 8.3. Let (^,^) be a stable framed perverse instanton. Then by a standard computation 
one can see that the tangent space to ^(P^; r, c) at the point corresponding to {'io, ^») is isomor- 
phic to Ext^(^,7/^ ® ^). Moreover, one can show that there exists an appropriate obstruction 
theory with values"in Ext^C^X) (cf- llHL2l 2.A.5]). 

8.2 Smoothness of the moduli space of framed locally free instantons 

Lemma 8.4. Let E be a locally free instanton of rank r = 2 or r = 3. Then for any plane D C P^ 
the restriction Eu is slope semistable. 

Proof. Let us note that we have a long exact cohomology sequences: 

= H\E{-\))^H\Eu{-1))^H\E{-2))=0 

and 

= H'^{E*{-l))^H'^iE^{-\)) ^H\E*{-2))c^{H^{E{-2))y = 

where the isomorphism in the second sequence comes from the Serre duality. This implies that 
En{—^) and £'^( — 1) have no sections which in ranks 2 and 3 implies semistability of ^n- n 
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Lemma 8.5. Let Ei be a locally free {ri,Ci)-instantonon¥^, wherei= 1,2. T/zen Ext^(£'i,£'2(~2)) 
has dimension at most c\C2- 

Proof. Our assumption implies that Ei is the cohomology of the following monad 

o^y,®^p3(-i) 4w,-(8^p3^v,-®^p3(i) ^0, 

where dimV,- = c/ and dimH^,- = 2c,- + r,-. Let us consider the complex ^* = ^om*(^*,'^2*) 
defined by 

k 

with := J<^« o/ — ( — l)'^'^s/joJ<^.. Since are complexes of locally free sheaves we see 
that 

ExtP(£i,£2(-2)) = HP(P^^• ® ^p3(-2)), 
where denotes the pth hypercohomology group. But then the spectral sequence 

//' (p3 , ® ^p3 ( -2) ) ^ W^' (p3 , ® ^p3 ( -2) ) 

gives an exact sequence 

0^Exti(£i,£2(-2)) ^Hom(yi,y2) ^Hom(yi,y2) ^Ext2(£i,£2(-2)) ^0. 

Clearly, this implies the required inequality. □ 

The proof of the following theorem uses the method of proof of [|LP[ Theoreme 1]. 

Theorem 8.6. Let Ei be a locally free {ri^Ci)-instanton on P^, where i = 1,2. Ifri,r2 < 3 and 
C1C2 < 6 then Ext^(£'i,£'2) = 0. 

Proof. Let Z = {(x, H) G P^ x (P-^)* : x G 11} be the incidence variety of planes containing a 
point in P^. Let pi^pi denote projections from P^ x (P^)* onto P^ and (P-^)*, respectively, and 
let us set q\ = p\\z and ^2 = Pi\z- On P^ x (P^)* we have a short exact sequence 

^ ^p3x(p3)*(-l, -1) ^ ^p3x(p3)* ^ ^ 0. 

Let us tensor this sequence with p\M'om{E\,E2{i)) and push it down by p2. Then we get an 
exact sequence 

Ext^ (£1 , £2(2 - 1 ) ) ® ^(P3)* (- 1 ) ^ Ext^ {El ,£2(0)® ^(P3)* ^ R^q2*ql^om{Ei , £2(0 ) ■ 

But for any plane n C P^ the group Ext^((£'i)n, (£'2)n(0) is Serredualto Hom((£'2)n, {Ei)n{—i — 
3)). By Lemma [84l both (£1)0 and (£2)0 are semistable of the same slope so if / > —3 then 
Hom((£'2)n7 (£^i)n(— ' — 3)) = 0. This implies that 7?^^2*^i^om(£'i, £2(0) = for i > —3 and 
hence for such i we have a short exact sequence 

O^Fi = ker(p/ Ext^{EuE2{i-l)) ® ^(p3)*(-l) ^Ext2(£i,£2(0) ® ^(p3)* ^ 0. 
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Now Fi is a vector bundle (again only for i > —3). Let Si denotes its rank. If Si < 3 and 
Ext^(£'i,£'2(0) 7^ then Csi+i{Fi) is non-zero which contradicts the fact that Ft is locally free. 
Therefore ifExt^{Ei,E2{i)) ^ for some i > —2 then 

Si = dimExt2(£i,£2(«'- 1)) -dimExt2(£i,£2(0) > 3. 

Applying this inequality for i = and z = — 1 we see that if Ext^ (£i , £2) ^ then Ext^ (£1 , £2 ( -2) ) 
has dimension at least 7. By Lemma [83] this contradicts our assumption on C1C2. □ 

Corollary 8.7. Let r <3 and c <2. Then the moduli space of framed locally free {r,c)- 
instantons is smooth of dimension Acr. 

Proof. Let £■ be a locally free (r, c)-instanton. Then Ext^(£',£') = and by Theorem 18.11 the 
tangent space to the moduli space is isomorphic to Ext^(£',7/^£'), so the dimension is equal to 
Acr. □ 



Let Mp3 (r, c) denotes the moduli space of Gieseker stable locally free (r, c)-instantons on P-^. 
In case of rank r = 2 or 3 Gieseker stability of instanton E is equivalent to h^{E) = h^{E*) = 0. 

Let 5 C PHe any smooth quartic with Pic 5 = Z. Let Ms{r, Ac) denotes the moduli space of 
slope stable vector bundles on S with rank r and Chem classes ci = and C2 = c ■ h^\s = Ac {h 
stands for the class of a hyperplane in P^). 

Using an idea of A. Tyurin (see HBel Section 9]) one can show the following theorem: 

Theorem 8.8. Let r < 3 and c <2. Then Mp3 (r, c) is smooth and the restriction r : Mp3 (r, c) — i- 
Ms{r,Ac) is a morphism which induces an isomorphism of M^i{r,c) onto a Lagrangian subman- 
ifold ofMs{r,Ac). 

Proof. Smoothness of Mp3 (r, c) follows directly from Theorem 1 8. 61 To prove that the restriction 
map r : Mp3 (r, c) — )■ Ms{r, c) is a morphism we need the following lemma: 

Lemma 8.9. Let E be a locally free instanton of rank r = 2 or r = 3. Assume that h^{E) = 
h^{E*) = 0. Then E is slope stable and for any smooth quartic 5 C P'^ with Pic 5 = Z, the 
restriction Es is slope stable. 

Proof. The (saturated) destabilizing subsheaf of E has either rank 1 and then it gives a section of 
E or it has rank 2 and then E has rank 3 and the determinant of the destabilizing subsheaf gives 
a section of A^E ^ E*. This proves the first assertion. By the same argument to show the second 
assertion it is sufficient to prove that h^{Es) = h^{El) = 0. But this follows from sequences: 

= H\E) ^ H\Es) ^ {E{-A)) = 

and 

= H^E*) H\E*s) ^ H\E*{-A)) - {H^{E)y = 0. 

□ 
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Let £■ be a Gieseker stable locally free (r,c)-instanton. By Lemma [8^ and Theorem 18.61 we 
know that the restriction of £ to 5 is slope stable and Ext^ (£■,£■) = 0. This implies that r is an 
immersion at the point [E] (see [Be', 9.1]). Therefore we only need to show that r is an injection. 

To prove that let us take two Gieseker stable locally free (r, c)-instantons Ei and £'2- Then by 
Theorem 1 8. 6 1 we have an exact sequence 

Hom(£i,£2) ^Hom((£i)5, (£2)5) ^ Extn£i,£2(-5)) ~ (Ext2(£2,£i))* = 0. 

This shows that we can lift any isomorphism (£'1)5' — (£'2)5 to an isomorphism of £1 and £2 and 
hence r is injective. □ 

Remark 8.10. It is very tempting to conjecture that Theorem 18.61 holds for all pairs of locally 
free instantons (maybe with some additional assumptions concerning stability of these bundles). 
This would imply a well known conjecture on smoothness of the moduli space of locally free 
instantons. Even then, an analogue of Theorem 18.81 does not immediately follow. But if one 
restricted to the open subset of bundles for which all exterior powers remain instantons then one 
could embed it into Ms{r, Ac) as a Lagrangian submanifold. 

However, it seems that all these conjectures are just a wishful thinking similar to the original 
conjecture on smoothness of the moduli space of locally free instantons: there are very few 
known results and all the methods work only for instantons of low charge. 

Example 8.11. For r = 2 and c = 1 the moduli space Mp3 (2, 1 ) parameterizes only null-correlation 
bundles and it is known that Mp3(2, 1) ~ \ Gr(2,4), where Gr(2,4) is the Grassmannian of 
planes in (see HOSSi Chapter II, Theorem 4.3.4]). By the above theorem this is a Lagrangian 
submanifold of the moduli space Ms{2^A). Over complex numbers ^^(2,4) is known to have a 
smooth compactification to a holomorphic symplectic variety (see []0G1)- Note that Lagrangian 
fibrations M5(2,4) ^ for some K3 surfaces S were constructed by Beauville in HBel Proposi- 
tion 9.4]. It is possible that the Lagrangian submanifold Mp3(2, 1) extends to a section of some 
Lagrangian fibration (possibly after deforming the compactification) providing another example 
when this is possible (see [Sa] for the proof that some Lagrangian fibrations can be deformed to 
Lagrangian fibrations with a section in case of 4-dimensional varieties). 
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